
EFT Series 5

Exercise 1

The Gordon Identity reads

ū(p2)γ
µu(p1) =

1

2m
ū(p2)[(p1 + p2)

µ + iσµνqν ]u(p1),

where q = p2 − p1.

It can be derived using the following relations:

{γµ, γν} = 2ηµν = γµγν + γνγµ

σµν =
i

2
[γµ, γν ]

(p1 + p2)
µ + iσµνqν = pµ1 + pµ2 −

1

2
(γµγν − γνγµ)(p2ν − p1ν)

= pµ1 + pµ2 −
1

2
(γµγνp2ν − γµγνp1ν − γνγµp2ν + γνγµp1ν)

= pµ1 + pµ2 −
1

2
(p2ν [2η

µν − γνγµ]− γµ/p1 − /p2γ
µ + [2ηµν − γµγν ]p1ν)

= pµ1 + pµ2 − p2νηµν +
1

2
/p2γ

µ +
1

2
γµ/p1 +

1

2
/p2γ

µ − ηµνp1ν +
1

2
γµ/p1ν

= pµ1 + pµ2 − ηµνp2ν + /p2γ
µ + γµ/p1 − η

µνp1ν

This can be simplified using the equation of motion:

/pu(p) = mu(p); ū(p)/p = ū(p)m (1)

ū(p2)[(p1+p2)
µ+iσµνqν ]u(p1) = ū(p2)[p

µ
1+pµ2−ηµνp2ν−ηµνp1ν+/p2γ

µ+γµ/p1]u(p1)
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= ū(p2)[η
µνp1ν + ηµνp2ν − ηµνp2ν − ηµνp1ν + 2mγµ]u(p1)

So

1

2m
ū(p2)[(p1 + p2)

µ + iσµνqν ]u(p1) =
1

2m
ū(p2)[2mγ

µ]u(p1) = ū(p2)γ
µu(p1).

Exercise 2

We want to compute the causal propagator i∆(x− y) = 〈0|
[
φ(x), φ†(y)

]
|0〉

for a free scalar field for a particle of mass µ using

φ(x) =

∫
d3p√

2Ep(2π)3/2
[ape

−ipx + a†pe
ipx]

[
ap, a

†
p′

]
= (2π)3δ(3)(~p− ~p′); [ap, ap′ ] = 0;

[
φ(x), φ†(y)

]
=

[∫
d3p√

2Ep(2π)3/2
(ape

−ipx + a†pe
ipx),

∫
d3q√

2Eq(2π)3/2
(aqe

−iqy + a†qe
iqy)

]

[
φ(x), φ†(y)

]
=

∫
d3p√

2Ep(2π)3/2

∫
d3q√

2Eq(2π)3/2
(
[
ap, a

†
q

]
ei(−px+qy)+

[
a†p, aq

]
ei(px−qy))

[
φ(x), φ†(y)

]
=

∫
d3p√

2Ep(2π)3/2

∫
d3q√

2Eq(2π)3/2
(2π)3δ(3)(~p−~q)(e−i(px−qy)−ei(px−qy))

Now use the relation
∫
d3qδ(3)(~p− ~q)f(~q) = f(~p),

[
φ(x), φ†(y)

]
=

∫
d3p

2Ep
(e−ip(x−y) − eip(x−y)).

Finally use ∫
d3p

2Ep
=

∫
d4pδ(p2 − µ2)θ(p0).
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So

〈0|
[
φ(x), φ†(y)

]
|0〉 = 〈0|

∫
d4pδ(p2 − µ2)θ(p0)(e−ip(x−y) − eip(x−y))|0〉

and

i∆(x− y) = 〈0|0〉︸︷︷︸
=1

∫
d4pδ(p2 − µ2)θ(p0)(e−ip(x−y) − eip(x−y))

If x and y are spacelike separated, one can find a frame (of equal times)
where x− y = (0, ~z). Then

i∆(x− y) ∝
∫
d4p(e−ip(x−y) − eip(x−y)) = 0,

as the integral is taken over an odd function. This means that the con-
tributions to the propagator [φ(x), φ†(y)] cancel outside the light-cone and
causality is preserved.

Exercise 3

We want to show that

〈0|[φ(x), φ†(y)]|0〉 = i

∫
dµ2ρ(µ2)∆(x− y), (2)

〈0|[φ(x), φ†(y)]|0〉 =

∫
d4p

∫
dµ2δ(p2 − µ2)ρ(µ2)θ(p0)(e−ip(x−y) − eip(x−y)).

(3)

Insert a complete set of eigenstates,

〈0|[φ(x), φ†(y)]|0〉 =
∑
x

[
〈0|φ(x)|x〉〈x|φ†(y)|0〉 − 〈0|φ†(y)|x〉〈x|φ(x)|0〉

]
(4)

Use the translation operator Px, φ(x) = eiPxφ(0)e−iPx. Acting on the
vacuum state |0〉, the operator produces eigenvalue 0, while 〈0|φ(x)|x〉 =
〈0|eiPxφ(0)e−iPx|x〉 = e−ipxx〈0|φ(0)|x〉.

=
∑
x

[
〈0|eiPxφ(0)e−iPx|x〉〈x|eiP yφ†(0)e−iP y|0〉 − 〈0|eiP yφ†(0)e−iP y|x〉〈x|eiPxφ(0)e−iPx|0〉

]
,
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=
∑
x

[
e−ipx(x−y)〈0|φ(0)|x〉〈x|φ†(0)|0〉 − eipx(x−y)〈0|φ†(0)|x〉〈x|φ(0)|0〉

]
.

Now insert the relation px =
∫
d4pδ(4)(p− px),

=

∫
d4p
∑
x

δ(4)(p−px)
[
e−ipx(x−y)〈0|φ(0)|x〉〈x|φ†(0)|0〉 − eipx(x−y)〈0|φ†(0)|x〉〈x|φ(0)|0〉

]
.

At this point we define∑
x

δ(4)(p− px)〈0|φ(0)|x〉〈x|φ†(0)|0〉 = θ(p0)ρ(p2) (5)

and ∑
x

δ(4)(p− px)〈0|φ†(0)|x〉〈x|φ(0)|0〉 = θ(p0)ρ̃(p2), (6)

so that

〈0|[φ(x), φ†(y)]|0〉 =

∫
d4p
(
e−ip(x−y)θ(p0)ρ(p2)− eip(x−y)θ(p0)ρ̃(p2)

)
. (7)

The commutator must vanish for spacelike four-vectors x − y = z =
(0, ~z). Replacing ~z by −~z will not alter the result as we are integrating over
all momenta. We perform the replacement in the second term of Eq. (7)
and find

〈0|[φ(x), φ†(y)]|0〉 =

∫
d4p
(
e−ipzθ(p0)ρ(p2)− e−ipzθ(p0)ρ̃(p2)

) !︷︸︸︷
= 0. (8)

Equation (8) can be fulfilled if ρ(p2) = ρ̃(p2). Then

〈0|[φ(x), φ†(y)]|0〉 =

∫
d4pρ(p2)θ(p0)

(
e−ip(x−y) − eip(x−y)

)
.

Now we insert
∫
dµ2δ(p2 − µ2) = 1,

〈0|[φ(x), φ†(y)]|0〉 =

∫
d4p

∫
dµ2δ(p2 − µ2)ρ(p2)θ(p0)

(
e−ip(x−y) − eip(x−y)

)
,

as was to be shown.
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