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The LHC collides very energetic hadrons, complicated relativistic 
bound states of quarks and gluons, which scatter into a huge 
number of hadrons + EW particles.
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from Pythia 8.3 manual 
MLHad 

Theoretical predictions are obviously very challenging, mainly due to  
QCD (strong interaction) effects!
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Despite these challenges, some observables at the 
LHC can be precisely predicted (and measured!). 
Key ingredients 

• Factorization and asymptotic freedom. 
Short-distance QCD effects can be 
computed in perturbation theory 

• Infrared safety: sufficiently inclusive 
observables are insensitive to long-distance 
hadronization effects. 

• Modeling: parton shower Monte Carlo event 
generators do a great job at simulating 
realistic events, including hadronization.
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Outline of the lectures
1. (Non-)perturbative QCD  

• Gauge invariance and Lagrangian 
• Feynman rules and perturbation theory 
• Asymptotic freedom 
• R-ratio and hadronization effects 

2. Higher order corrections and IR safety 
• IR divergences and their cancellation 
• IR safety 
• Event shapes, jets, EECs

8



Outline (…)
3. Factorization, evolution, resummation 

• Soft and collinear factorization 

• Parton Distribution Functions (PDFs) 

• DGLAP evolution 

• The Drell-Yan process 

4. Monte-Carlo techniques and parton showers 

• Monte Carlo techniques 

• Fixed-order results up to N3LO 

• Parton showers 

• Modeling (Recoil, UE, hadronization, …)
9



It is better to uncover a little  
than to cover a lot.

Victor Weisskopf

Please stop me at any point during 
the lectures if you have questions! 



QFT textbooks
• An Introduction to Quantum Field Theory, G. 

Sterman ‘93 

• An Introduction to Quantum Field Theory, M. 
Peskin and D. Schroeder ’95 

• Quantum Field Theory and Standard Model, 
M. Schwartz ’13 

• …
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https://www.cambridge.org/core/books/an-introduction-to-quantum-field-theory/C0D8A5C583C7F46F141842707BD547BE#
https://en.wikipedia.org/wiki/An_Introduction_to_Quantum_Field_Theory
https://schwartzqft.fas.harvard.edu/


Collider QCD
• QCD and Collider Physics, R. K. Ellis, W. J. 

Stirling, B. R. Webber ‘96 

• The Black Book of Quantum Chromodynamics, J. 
Campbell, J. Huston, F. Krauss ‘17 

• Quantum Chromodynamics,  Huston, Rabbertz, 
Zanderighi, review by the Particle Data Group ‘25
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https://doi.org/10.1017/CBO9780511628788
https://library.oapen.org/handle/20.500.12657/59105
https://pdg.lbl.gov/2025/reviews/rpp2024-rev-qcd.pdf
https://pdg.lbl.gov/


Special topics
• Pythia 6.4 Physics and Manual, Sjostrand, 

Mrenna, Skands ’06 + manuals for later versions 

• Towards Jetography, G. Salam ‘09 

• Introduction to Soft-Collinear Effective Theory, T. 
Becher , A. Broggio , A. Ferroglia ’15 

• Jet Substructure at the LHC: A Review of Recent 
Advances in Theory and Machine Learning, A. 
Larkoski, I. Moult, B. Nachman ‘17 

• Energy Correlators: A Journey From Theory to 
Experiment, I. Moult and H.X. Zhu ‘25

13

https://inspirehep.net/literature/712925
https://arxiv.org/abs/0906.1833
https://doi.org/10.1007/978-3-319-14848-9
https://inspirehep.net/literature/1623553
https://inspirehep.net/literature/1623553
https://arxiv.org/abs/2506.09119
https://arxiv.org/abs/2506.09119


(Non-)perturbative QCD

• Gauge invariance and Lagrangian 

• Feynman rules and perturbation theory 

• Asymptotic freedom 

• R-ratio and hadronization effects

Part I 

the standard model 33

We will now discuss the concept of a running coupling and
asymptotic freedom in more detail and will then discuss how per-
turbative QCD computations are useful at high energies. Instead of
deep-inelatic scattering, we will illustrate this with the scattering
process e+e� ! “hadrons”.

4.1 Running Coupling

The coupling for the strong interaction is the QCD gauge coupling,
gs. We usually work in terms of as defined as

as =
g2

s
4p

. (4.4)

Since the interactions are strong, we would expect as to be too
large to perform reliable calculations in perturbation theory. On the
other hand the Feynman rules are only useful within the context of
perturbation theory.

This difficulty is resolved when we understand that ‘coupling
constants’ are not constant at all. The electromagnetic fine structure
constant, a, has the value 1/137 only at energies which are not large
compared to the electron mass. At higher energies it is larger than
this. For example, at LEP energies it takes a value close to 1/129. In
contrast to QED, it turns out that in the non-abelian gauge theories
of the Standard Model the weak and the strong coupling decrease as
the energy increases.

To see how this works within the context of QCD we note that
when we perform higher order perturbative calculations there are
loop diagrams which have the effect of ‘dressing’ the couplings. For
example, the one-loop diagrams which dress the coupling between
a quark and a gluon are:

where

= + - -

are the diagrams needed to calculate the one-loop corrections to
the gluon propagator.

These diagrams contain UV divergences and need to be renor-
malized, e.g. by subtracting at some renormalization scale µ. This
scale then appears inside a logarithm for the renormalized quan-
tities. This means that if the squared momenta of all the external
particles coming into the vertex are of order Q2, where Q � µ,
then the above diagrams give rise to a correction which contains a



Theories with invariance under gauge 
transformations (“local symmetry”) 

In QED the transformation  is 
simply a space-time dependent phase factor. 

Transformations form the abelian group U(1): 

V(x) = exp(iα(x))

Gauge Theories

15

 ψ(x) → ψ′￼(x) = V(x) ψ(x)

 V2(x) V1(x) = exp(i [α1(x) + α2(x)] )∈ U(1)



Non-abelian gauge theories
Yang and Mills ’53 generalized concept to non-
abelian gauge groups
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 ψ(x) =

ψ1(x)
ψ2(x)

⋮
ψN(x)

→ ψ′￼(x) = V(x) ψ(x)

Vector of N fermion fields
 matrix N × N

Matrices V(x) form a group such as U(N) or SU(N).



SU(N) matrices fulfill 

               and   

and therefore have  free parameters. 
Parameterize group elements as exponentials 

  
              

V V† = 1 det(V) = 1

N2 − 1

V = ei ωa Ta = 1 + i ωa Ta + …

17

real parameters

repeated indices summed!  
sum over a = 1, … , N2 − 1

group generators,  matrices,  
traceless, hermitian

N × N
(exercise)

Normalization: tr(Ta Tb) =
1
2

δab



For products we use Baker-Campbell-Hausdorff 

              

To evaluate this, we need commutator of group 
generators 

          

              

eX eY = eX+Y+ 1
2 [X,Y]+…

[Ta, Tb] ≡ i f abc Tc

18

higher commutators

structure constants,  
fully determine group multiplication

``Lie Algebra”

≠ 0 for non-abelian group



Important examples 

• SU(2):         ;    

• SU(3):       

One rarely needs explicit form of the generators. 
Group theory factors in Feynman diagrams can be 
expressed through Casimir invariants, e.g.  

    with     for SU(N)

Ta =
σa

2
f abc = εabc

Ta =
λa

2

Ta Ta = CF 1 CF =
N2 − 1

2N

19

Pauli matrices

Gell-Mann matrices

 see Ritbergen, Schellekens, Vermaseren ’98

https://en.wikipedia.org/wiki/Gell-Mann_matrices
https://arxiv.org/abs/hep-ph/9802376


Free fermion Lagrangian 

 

Mass term is gauge invariant 

 

since  , but kinetic Term is not 

 

 

because derivative also acts on  !

ℒ = ψ (iγμ∂μ − m) ψ ≡
N

∑
i=1

ψi (iγμ∂μ − m) ψi

ψ(x) ψ(x) → ψ(x) V†(x) V(x) ψ(x)

V† V = 1

ψ(x) ∂μ ψ(x) → ψ(x) V†(x) ∂μ V(x) ψ(x)

= ψ(x) ∂μ ψ(x)+ψ(x) V†(x) [∂μ V(x)] ψ(x)

V(x)

20

Dirac Matrix

https://en.wikipedia.org/wiki/Gamma_matrices


Regular derivative cannot be invariant, since the 
fields at different  transform with different . 
Need to introduce an extra gauge field that 
connects transformations at different points! 

Define covariant derivative 

 

with  . For SU(N) we need to 
introduce  vector fields  to achieve 
gauge invariance.

x V(x)

Dμ = ∂μ 1 − i g Aμ(x)

Aμ(x) = Aa
μ(x) Ta

N2 − 1 Aa
μ(x)

21



The covariant derivative of the fermion field 
transforms in the same way as the field itself 

 

if the gauge field transforms as (exercise) 

 

Can now easily construct gauge invariant terms 
using the covariant derivative! 

Dμ ψ(x) → V(x) Dμ ψ(x)

Aμ → VAμV† −
i
g (∂μV) V†

22



Field strength tensor
Commutator of covariant derivatives  

 

takes the form (exercise) 

Fμν =
i
g [Dμ, Dν] = Ta Fa

μν

Fa
μν = ∂μAa

ν − ∂νAa
μ + g f abc Ab

μ Ac
ν

23

extra term for non-abelian group!



Kinetic term

24

Field strength tensor transforms as 

 

but the trace 

 

is invariant and provides a kinetic term for gauge 
bosons, along with boson self-interactions.

[Dμ, Dν] → V [Dμ, Dν] V†

−
1
2

Tr FμνFμν = −
1
4

Fa
μνFa μν



 

with 

    

     

Remarkably, both the electroweak and strong 
interactions are gauge theories!

ℒ = −
1
4

Fa
μνFa μν + ψ (γμi Dμ − m 1) ψ

Fa
μν = ∂μAa

ν − ∂νAa
μ + g f abcAb

μ Ac
ν

i Dμ = i ∂μ1 + g TaAa
μ

Gauge theory Lagrangian

25



Lagrangian on previous slide contains all terms up to 
operator dimension , with one exception 

 

where  is the totally antisymmetric tensor and  
is a free parameter. This term 

• is a total derivative, not visible in PT 
• violates P, T, CP 

In QCD, term would induce e.g. an electric dipole 
moment neutron. Experimentally  .

d = 4

ℒθ = θ
g2

s

64π2
ϵμνρσFa

μνFa
ρσ = θ

g2
s

32π2
Fa

μνF̃μνa

ϵμνρσ θ

θ < 10−10

Side-remarks: θ-term

26



Can write down gauge invariant terms with higher 
dimension, for example 

    ( ) 

Higher-dimensional operators are suppressed by powers of 
scale  

• New heavy particles with masses  induce 
such operators at low energies through virtual 
effects 

• Precision measurements probe such operators! 

• Systematic framework: SMEFT (ask Jason Aebischer!)

Δℒ =
1

Λ2
tr (Fμ

ν Fν
ρ Fρ

μ) d = 6

Λ

M ∼ Λ

Side-remarks:  termsd > 4

27



Side-remarks: Gauge fixing
Due to the gauge symmetry many field configurations are 
equivalent. Drop out when computing expectation values, but 
cause problems in path integral 

 

Solution by Faddeev-Popov ’67 is to factor out integration over 
gauge-related configurations, leaving behind a gauge-fixed 
action. 

Gauge fixing introduces extra terms into the action and 
auxiliary ``ghost’’ fields. Depending on gauge fixing, ghost fields 
enter higher-order computations.  

Z = ∫ 𝒟Aμ exp (iS[Aμ])

28

Ghost fields will not be needed for this lecture,  
see QFT textbooks for more information.
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Note: no mass terms! Masses are generated through 
vacuum expectation value of Higgs field . ϕ
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Note: no mass terms! Masses are generated through 
vacuum expectation value of Higgs field . ϕ

Gauge interactions

Yukawa interactions
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Gauge 
group

Charged 
fermions

Gauge 
bosons Coupling Low-E

Strong 
interaction

(QCD)
SU(3)

quarks 

u, d, c, s, t, b 

in Nc = 3 
colors

Nc2  − 1 = 8  
gluons  Confinement

Electroweak SU(2) x U(1)

all fermions 

different charges 
for 

ψL  and ψR

W±, Z, γ Higgs 
mechanism, 
screening

αs =
g2

s

4π

α =
e2

4π

GF



Feynman rules for QCD
By expanding the action in the fields and Fourier 
transforming, one obtains Feynman rules in 
momentum space. 

Bilinear terms in action give propagators

32

the standard model 27

3.6 Feynman Rules

The Feynman rules for such a gauge theory can be read off directly
from the Lagrangian. As mentioned previously, the propagators
are obtained by taking all terms bilinear in the field and inverting
the corresponding operator (and multiplying by i). The rules for
the vertices are obtained by simply taking (i times) the factor which
multiplies the corresponding term in the Lagrangian. The explicit
rules are given in the following.

Vertices

(Note that all momenta are defined as flowing into the vertex!)

µ a

p1

ρ c

p3

ν b

p2
�g f

abc

⇣
gµν (p1 � p2)ρ

+ gνρ (p2 � p3)µ
+ gρµ (p3 � p1)ν

⌘

�i g
2
f

eab
f

ecd
(gµρgνσ � gµσgνρ)

�i g
2
f

eac
f

ebd
(gµνgρσ � gµσgνρ)

�i g
2
f

ead
f

ebc
(gµνgρσ � gµρgνσ)

µ
a ν

b

σ d ρ c

µ a

j i

�i g γ
µ

(T
a
)
ij

µ a

c b

q

g f
abc

qµ

Propagators

Gluon: �i δab gµν/p
2

p
a

µ

b

ν

Fermion: i δij(γ
µ
pµ + m)/(p

2 � m
2
)

p
i j

Faddeev-Popov ghost: i δab/p
2p

a b

Feynman gauge. Different form for other gauge fixing

 i, j = 1,…Nc

 a, b = 1, 2, … , N2
c − 1



Interaction vertices

33

µ a

p1

ρ c

p3

ν b

p2
gs f

abc
(

gµν (p1 − p2)ρ + gνρ (p2 − p3)µ + gρµ (p3 − p1)ν

)

−i g2sf
eabfecd (gµρgνσ − gµσgνρ)

−i g2sf
eacfebd (gµνgρσ − gµσgνρ)

−i g2sf
eadfebc (gµνgρσ − gµρgνσ)

µ
a ν

b

σ d ρ c

µ a

j i

i gs γ
µ (T a)ij

µ a

b c
q

−gs f
abc qµ

Lagrangian:  −g f abc(∂μAa
ν )Ab

μ Ac
ν

  
1
4

g2
s f abc f adeAb

μ Ac
ν Ad

μ Ae
ν

 terms from symmetrization in gluon fields 3! = 6

 terms, 4 identical4! = 24

  gs ψi γμAa
μ(Ta)ij ψj



Loop corrections
Compute higher-order corrections to the quark-
gluon coupling 

with  

34

the standard model 33

We will now discuss the concept of a running coupling and
asymptotic freedom in more detail and will then discuss how per-
turbative QCD computations are useful at high energies. Instead of
deep-inelatic scattering, we will illustrate this with the scattering
process e+e→ ↑ “hadrons”.

4.1 Running Coupling

The coupling for the strong interaction is the QCD gauge coupling,
gs. We usually work in terms of αs defined as

αs =
g2

s
4π

. (4.4)

Since the interactions are strong, we would expect αs to be too
large to perform reliable calculations in perturbation theory. On the
other hand the Feynman rules are only useful within the context of
perturbation theory.

This difficulty is resolved when we understand that ‘coupling
constants’ are not constant at all. The electromagnetic fine structure
constant, α, has the value 1/137 only at energies which are not large
compared to the electron mass. At higher energies it is larger than
this. For example, at LEP energies it takes a value close to 1/129. In
contrast to QED, it turns out that in the non-abelian gauge theories
of the Standard Model the weak and the strong coupling decrease as
the energy increases.

To see how this works within the context of QCD we note that
when we perform higher order perturbative calculations there are
loop diagrams which have the effect of ‘dressing’ the couplings. For
example, the one-loop diagrams which dress the coupling between
a quark and a gluon are:

where

= + - -

are the diagrams needed to calculate the one-loop corrections to
the gluon propagator.

These diagrams contain UV divergences and need to be renor-
malized, e.g. by subtracting at some renormalization scale µ. This
scale then appears inside a logarithm for the renormalized quan-
tities. This means that if the squared momenta of all the external
particles coming into the vertex are of order Q2, where Q ↓ µ,
then the above diagrams give rise to a correction which contains a

= + + +

ghost loopgluon loops quark loop



Renormalization
Loop corrections suffer from UV divergences 

• Regularize integrals (UV cutoff, 
dimensional regularization, …) to make 
divergences explicit 

• Renormalization: Subtract divergent 
pieces and absorb them into parameters 
of theory, e.g. 

                    α0
s → αs(μ)
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subtraction scale aka 
renormalization scale

bare coupling, 
absorbs divergences

renormalized coupling, 
finite



Behavior of the coupling when the scale µ is 
changed is governed by renormalization group 
equation 

 

driven by the β-function 

μ
∂ αs(μ)

∂ μ
=

∂ αs(μ)
∂ ln μ

= β(αs(μ))

β(αs) = − 2αs [β0αs + β1 α2
s +𝒪(α3

s )]

Running coupling
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from one-loop diagrams from two-loop diagrams



Solution at one loop
αs(μ) =

αs(μ0)
1+αs(μ0) β0 ln(μ2/μ2

0)
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 β0 > 0
 β0 < 0

value at reference scale µ0

In QCD one obtains 

 

weak coupling at very high 
energies: 

asymptotic freedom!


Nobel Prize ’04 

for Gross, Politzer, Wilczek 

β0 =
1

12π (11 Nc − 2nf) > 0



• Running of coupling confirmed by experimental 
measurements at different energies with  

• Coupling  at low  

• Note: β-function has been computed to 5 loops! 
Implemented in code RunDec.

μ = Q

αs(μ) → ∞ μ = ΛQCD ∼ 200 MeV
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Table 9.1: Unweighted and weighted pre-averages of –s(m2

Z) for each sub-
field in columns two and three. The bottom line corresponds to the com-
bined result (without lattice gauge theory) using the ‰

2 averaging method.
The same ‰

2 averaging is used for column four combining all unweighted
averages except for the sub-field of column one. See text for more details.

averages per sub-field unweighted weighted unweighted without subfield
· decays & low Q

2 0.1173 ± 0.0017 0.1174 ± 0.0009 0.1177 ± 0.0013
QQ̄ bound states 0.1181 ± 0.0037 0.1177 ± 0.0011 0.1175 ± 0.0011
PDF fits 0.1161 ± 0.0022 0.1168 ± 0.0014 0.1179 ± 0.0011
e

+
e

≠ jets & shapes 0.1189 ± 0.0037 0.1187 ± 0.0017 0.1174 ± 0.0011
hadron colliders 0.1168 ± 0.0027 0.1169 ± 0.0014 0.1177 ± 0.0011
electroweak 0.1203 ± 0.0028 0.1203 ± 0.0016 0.1171 ± 0.0011
PDG 2023 (without lattice) 0.1175 ± 0.0010 0.1178 ± 0.0005 n/a

αs(mZ
2) = 0.1180 ± 0.0009

August 2023

α s
(Q

2 )

Q [GeV]

τ decay (N3LO)
low Q2 cont. (N3LO)

Heavy Quarkonia (NNLO)
HERA jets (NNLO)

e+e- jets/shapes (NNLO+NLLA)
e+e- Z0 pole fit (N3LO)

pp/p-p jets (NLO)
pp top (NNLO)

pp TEEC (NNLO)
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Figure 9.5: Summary of determinations of –s as a function of the energy scale Q compared to
the running of the coupling computed at five loops taking as an input the current PDG average,
–s(m2

Z) = 0.1180 ± 0.0009. Compared to the previous edition, numerous points have been updated
or added.

that the weighted averages are rather close to the unweighted ones. However, the uncertainties
become significantly smaller. This approach may be too aggressive as it ignores the correlations
among the data, methods, and theory ingredients of the various determinations. We feel that the
uncertainty of ±0.0005 is an underestimation of the true error. We also note that in the unweighted
combination the estimated uncertainty for each sub-field is larger than the spread of the results as
given by the standard deviation. In the weighted fit this crosscheck fails in four out of six cases.

The last several years have seen clarification of some persistent concerns and a wealth of new
results at NNLO, providing not only a rather precise and reasonably stable world average value
of –s(m2

Z), but also a clear signature and proof of the energy dependence of –s in full agreement

31st May, 2024

from PDG

https://www.ttp.kit.edu/preprints/2017/ttp17-011
https://pdg.lbl.gov


Low energy: non-perturbative QCD

Numerical solution of QCD path integral with lattice QCD successfully 
determines simple (“Euclidean”) low-energy quantities 

• hadron masses, hadron form factors, …  

Side remark: Proton and neutron masses almost entirely due to non-
perturbative QCD dynamics, quark mass contribution (due to Higgs 
VEV) very small.
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chiral forms were subsequently investigated by Ishikawa
et al. (2009). Similarly in the reweighted ensemble the
masses of the !, K, and ! were used to tune to the physical
point. The final result from the extrapolation method is
plotted in Fig. 20. Similar results were found with the re-
weighting method as detailed by Aoki et al. (2010).

Full control over all systematic uncertainties at the
few percent level was achieved in the light hadron
spectrum calculation of the Budapest-Marseille-Wuppertal
Collaboration (Durr et al., 2008). They used tree level
improved six-step stout smeared Nf ! 2þ 1 clover fermions

on a tree level Symanzik improved gauge action on lattices of
spatial extent of L# 2:0–4:1 fm. Both the gauge and the
fermion action are known to be in the correct universality

classes and the updating algorithm is exact and free of
possible ergodicity problems. Pion masses down to
190 MeV and three lattice spacings a# 0:065, #0:85, and
#0:125 fm were used which allowed for a fully controlled
extrapolation to the continuum and the physical point with
various Ansätze for both. Possible contamination of the
propagators from excited states was accounted for by varying
the fit range. Finite-volume corrections were applied includ-
ing energy shifts for resonant states (as described in
Sec. IV.C.2) that allowed for a detailed treatment of resonant
states, too. The continuum extrapolation was performed with
a term linear in a or a2 and chiral fits were done with both
Taylor and NLO heavy baryon "PT with a free coefficient
(see Fig. 21 for an example extrapolation to the physical point
and continuum limit). The above procedure allowed for a
fully controlled calculation of the systematic uncertainty via

FIG. 19 (color online). Comparison of the Nf ! 2þ 1 light had-
ron spectrum results from the MILC Collaboration (Bazavov et al.,
2010a) with experiment. The diamonds are input quantities while
the circles are predictions. Experimental masses of hadrons from
Amsler et al. (2008) are indicated by squares. Note that charmo-
nium and bottomonium masses are also included with some of the
later ones used to set the scale. Figure courtesy of the MILC
Collaboration.
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FIG. 20 (color online). The extrapolated Nf ! 2þ 1 light hadron
spectrum results from the PACS-CS Collaboration. Experimental
data are from Amsler et al. (2008). From Aoki et al., 2009, with
permission of the PACS-CS Collaboration.
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FIG. 21 (color online). Sample chiral and continuum extrapola-
tion of the lattice hadron masses of Durr et al. (2008) at physical
M2

K $M2
!=2 in physical units. The scale setting variable M! and

the nucleon mass are plotted vs the square of the pion mass together
with a fit of the data at every lattice spacing. The vertical dashed line
represents the physical pion mass.
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FIG. 22 (color online). Prediction of the light hadron spectrum in
full Nf ! 2þ 1 QCD according to Durr et al. (2008). Open circles

are input quantities while filled circles are predictions. Experimental
masses of hadrons that are stable in QCD are given with a vertical
bar while for resonant states the box indicates the decay width.
Experimental numbers are from Amsler et al., 2008.
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Perturbative QCD?

Let us now compute the inclusive cross section 

 

in perturbation theory, by boldly replacing the 
final state with quarks and gluons.

σ(e+e− → hadrons)
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R-ratio
Lowest order diagram 

has the same form as . Define 
the ratio  [  ] 

e+e− → μ+μ−

s = (p1 + p2)2

R(s) =
σ(e+e− → q q̄)

σ(e+e− → μ+μ−)
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Theoretical prediction
If we neglect quark and muon masses, 
numerator and denominator are identical up to 
charge factors. 

 R(s) = Nc ∑
f

Q2
f

42

 quarks per flavorNc = 3
 for u, c, t 
 for d, s, b

Qf = + 2/3
Qf = − 1/3

sum over all quark flavors f  
accessible at center-of-mass energy s 



e+e− → hadrons: cross section
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6 46. Plots of cross sections and related quantities
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Figure 46.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)
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Figure 46.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

blue and red dots: measurements

compiled by the Particle Data Group

https://pdg.lbl.gov


R-ratio
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µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

 resonances cc̄
mc ≈ 1.3 GeV

 resonances bb̄
mb ≈ 4.2 GeV
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Figure 49.5: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
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R =
σ(e+e− → Z/γ∗

→ hadrons)

σ(e+e− → γ∗ → µ+µ−)

Rpert =
σ(e+e− → Z/γ∗

→ qq̄)

σ(e+e− → γ∗ → µ+µ−)
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Blue: experimental measurements 
Green and red lines theoretical predictions

theoretical expression 
w/o Z-boson exchange

measurement

PDG
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parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

49. Plots of cross sections and related quantities 5

σ and R in e+e− Collisions
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Figure 49.5: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

R =
σ(e+e− → Z/γ∗

→ hadrons)

σ(e+e− → γ∗ → µ+µ−)

Rpert =
σ(e+e− → Z/γ∗

→ qq̄)

σ(e+e− → γ∗ → µ+µ−)

Dashed green: LO perturbation theory 
Solid red: N3LO perturbation theory 

Remarkable agreement with data: asymptotic freedom
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Intuitive explanation: 

Large scale separation .  

• Two step process:  1.)  production 2.) 
rearrangment into hadrons 

• For , small sensitivity to step 2.)

Q ≫ ΛQCD

qq̄

σtotal
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Hadronisation 
ΛQCD ∼ 1 GeV

Q = s
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Wilson coefficients:

high-energy physics 

independent of states

Formal explanation: the Operator Product 
Expansion (OPE) factorizes low and high energy 
contributions 
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R =
σ(e+e− → Z/γ∗ → hadrons)

σ(e+e− → γ∗ → µ+µ−)

Rpert =
σ(e+e− → Z/γ∗ → qq̄)

σ(e+e− → γ∗ → µ+µ−)

R(s) = C1(s) ⟨0| 1 |0⟩+ Cqq̄(s) ⟨0|mq q̄q |0⟩+ CGG(s) ⟨0|G
2 |0⟩+ . . .

Matrix elements:

non-perturbative, 

hadronisation effects
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Higher-order corrections 
and IR safety

• IR divergences and their cancellation 
• IR safety 
• Event shapes, jets, EECs 

Part II 



The successful prediction of the R-ratio in 
perturbation theory leads to the following questions 

1. Can one improve the prediction by going to 
higher orders in perturbation theory? 

2. Are there other, less inclusive cross sections, 
which are insensitive to hadronisation 
effects? 

Interestingly, answer to 1.) informs 2.). Will first 
study the structure of perturbative corrections, then 
introduce classes of observables which are 
insensitive to hadronisation.
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Perturbative corrections
In the previous lecture we computed the leading 
order (LO) R-ratio 

The loop corrections are 
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Loop integrals suffer from divergences. 
Regularize them by computing in  
(dimensional regularization). 

Result ( ) 

 

diverges for  ! 

These are not ultraviolet divergences! 

d = 4 − 2ε

Q2 = s

Δσqq̄ = σLO
αs

3π ( μ̄2

Q2 )
ε

(−
4
ε2

−
6
ε

− 16 +
7
3

π2 + 𝒪(ε))
ε → 0
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[  ]μ̄2 = 4π eγE μ2



Repeat the computation with massive quarks 
and gluons. 

Result for small masses is finite (source: ChatGPT) 

 

but depends on small quark masses and 
unphysical gluon mass.  

Here masses act as infrared regulator: 
divergences come back as we switch off the 
masses! 

Δσqq̄ = σLO
αs

3π
−2 ln2 ( Q2

m2
q ) + 6 ln ( Q2

m2
q ) − 2 ln ( Q2

m2
g ) + constants

53



Divergences arose because we computed the 
unphysical exclusive cross section  .  

In theories with massless particles (QED, QCD, 
…) fully exclusive cross sections do not make 
sense! For massless particles cannot distinguish 

               

if emission is soft ( ) or collinear ( ) ! 

σqq̄

E → 0 θ → 0
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fromℳ
⋮

⋮
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⋮

⋮

θ
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Bloch and Nordsieck ‘37 Kinoshita ’62 Lee, Nauenberg ‘64
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p1

p2

k

Need to include real emission corrections! 

 

diverges for  and for  or  . 

Phase space integral does not exist, regularize 
in .

1
4 ∑

spins

|ℳqq̄g |2 = σLO
16π
Q2

CF g2
s

(p1 ⋅ k)2 + (p2 ⋅ k)2 + Q2p1 ⋅ p2

p1 ⋅ k p2 ⋅ k

k → 0 k ∥ p1 k ∥ p2

d = 4 − 2ε



Massless toy example,   

 

set  

  

k ≡ Ek = | ⃗k |

I = ∫
dd−1k
2Ek

1
E2

k
θ(Q − Ek) = ∫

Q

0
dk kd−2 ∫ dΩd−1

1
2E3

k

d = 4 − 2ε

I =
1
2 ∫

Q

0
dk k−1−2ε Ωd−1 = −

Q−2ε

4ε
Ω3−2ε

Aside: phase-space in d-dimensions
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spherical coordinates

IR divergencesurface of d-1 dimensional 
unit sphere, see QFT books! 



Rewrite kinematics in terms of variables  

  

  

  

In CMS system 

 

and 

    with     

yi

2p1 ⋅ p2 = y3 Q2

2p1 ⋅ pk = y2 Q2

2p2 ⋅ pk = y1 Q2

qμ = pμ
1 + pμ

2 + kμ = ( Q, 0, 0, 0 )

yi = 1 −
2Ei

Q
> 0 y1 + y2 + y3 = 1

57



In terms of new variables (with  ) 

 

Phase-space integral 

 

y3 = 1 − y1 − y2

1
4 ∑

spins

|ℳqq̄g |2 = σLO
16π
Q2

CF g2
s

y2
1 + y2

2 + 2 y3

y1 y2
+ O(ε)

PS3 ∝ ∫
1

0
dy1 ∫

y1

0
dy2 (y1y2y3)−ε
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y1

y2

k ∥ p1

k ∥ p2

k → 0
regularized if ε < 0



With the regularization in place, we can compute 
the total cross section 

 

and obtain 

 

                     

σtot = σ(e+e− → X) = σqq̄ + σqq̄g+𝒪(α2
s )

σtot = σLO 1+
αs

3π [−
4
ε2

−
6
ε

− 16 +
7π2

3 ]
+

αs

3π [ 4
ε2

+
6
ε

+ 19 −
7π2

3 ]
59

virtual corrections 

real emission



With the regularization in place, we can compute 
the total cross section 

 

and obtain 

 

Finite! Small correction, insensitive to low-energy 
scales such as quark masses. 
And excellent agreement with data far away 
from resonance regions!                    

σtot = σ(e+e− → X) = σqq̄ + σqq̄g+𝒪(α2
s )

σtot = σLO (1+
αs(μ)

π )
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few %



Scale (in-)dependence
Perturbative result for the R-ratio  

 

seems to depends on renormalization scale ! 

But   is a physical cross section, cannot 
depend on unphysical scale ! 

• change in  is higher-order effect,  
compensated by perturbative corrections!

σtot = σLO (1+
αs(μ)

π )
μ

σtot
μ

μ
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NNLO result for the R-ratio  

 

• -terms compensate scale dependence of 
NLO coefficient 

• Residual scale dependence is N3LO effect 

• Must choose  to avoid large logarithm 
in perturbative corrections

σtot = σLO (1+
αs(μ)

π
+( αs(μ)

π )
2

(π β0 ln
μ2

Q2
−11ζ3 +

365
24 ) + ( 2ζ3

3
−

11
12 ) nf)

β0

μ ∼ Q
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Since scale dependence is a higher-order effect, variation  
 is used to estimate perturbative uncertaintyQ/2 < μ < 2 Q



IR finiteness
What other observables , defined in terms of the 
particle momenta  can be computed in 
perturbation theory? Observable must be 

A. insensitive to soft radiation 
 

B. collinear safe for 
  

If A.) and B.) hold, then IR divergent parts are always 
treated inclusively, so that cancellation of divergences 
occurs.

𝒪
{p1, p2, …, pn}

lim
k→0

𝒪n+1(p1, p2, …, pn, k) = 𝒪n(p1, p2, …, pn)

p1 ∥ p2

𝒪n+1(p1, p2, …, pn+1) = 𝒪n(p1 + p2, …, pn)
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IR safe or not?
• Total cross section   

• Number of particles  

• Maximum energy of particle 

• Energy flow into particular angular 
area A of the detector 

• Jet cross sections

𝒪n = 1

𝒪n = n
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IR safe or not?
• Total cross section   

• Number of particles  

• Maximum energy of particle 

• Energy flow into particular angular 
area A of the detector 

• Jet cross sections

𝒪n = 1

𝒪n = n

65

✅

❌ soft & collinear unsafe

❌ collinear unsafe

✅

✅ if properly defined!



Observables
Collider observables should  

A. not be sensitive to non-perturbative low-
energy QCD 

B. provide detailed information about short-
distance physics 

Will now discuss several classes of observables 
introduced to fulfil these requirements 

• Jets, event shapes, energy correlators

66



34 Applications in jet physics

Fig. 4.2 Two sample collider events. On the left side a pencil-like two-jet event with small

τ = 1−T ≈ 0.002, on the right side an almost spherical event with large τ ≈ 0.35. The thrust
axis is shown as a red dashed line.

The definition (4.1) is useful to distinguish pencil-like from spherical events, but
not suitable to single out configurations with more than two jets. However, minimizing
over several reference vectors one can generalize thrust in such a way that it vanishes
for events with N massless jets. This generalized quantity is called N -jettiness [74].
At hadron colliders, it is also useful define event shapes in the transverse plane [75].
An analysis of factorization for transverse thrust at a hadron colliders can be found
in [76]. As discussed above, the relevant effective theory involves four collinear sectors.

Thrust is soft and collinear safe, i.e. its value does not change under exactly
collinear splittings or infinitely soft emissions. This property makes it possible to com-
pute it perturbatively. However, for small τ ! 1 we encounter large logarithms. To
analyze this limit, let us choose the SCET reference vectors as nµ = (1,"nT ) and
n̄µ = (1,−"nT ). In Fig. 4.3, we show an event with small τ . It will involve energetic
particles collinear to nµ and n̄µ, together with soft large-angle radiation. Performing
a region analysis, one will find the same regions (3.9) we identified in the Sudakov
form factor, but with expansion parameter λ = τ . We can thus separate the sum over
particles in (4.1) into individual sums in the soft and collinear sectors and write

τQ =
∑

i

|"pi|− |"nT · "pi|

=
∑

i

n · pci +
∑

i

n̄ · pc̄i +
∑

i

n · pRsi +
∑

i

n̄ · pLsi

= n · pXc + n · pRXs
+ n̄ · pXc̄ + n̄ · pLXs

,

(4.3)

where we have split the soft particles into left- and right-moving ones in order to
be able write the sums in terms of light-cone components. In the last line, we have
introduced the total momentum in each category. This result has a simple physical
interpretation. Before deriving it, we note that due to the definition of the thrust axis,
the total transverse momentum is zero in each hemisphere. As a result, also the total
collinear transverse momentum p⊥Xc

is zero, up to terms which are of the same order

Event shapes: e.g. thrust T

Event shape variables parameterize geometric properties 
of energy and momentum flow. 

 

Generalization to multiple directions and hadronic 
collisions: N-jettiness Stewart, Tackmann, Waalewijn ‘10 

T =
1
Q

max
⃗n ∑

i

| ⃗n ⋅ ⃗pi |
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34 Applications in jet physics

Fig. 4.2 Two sample collider events. On the left side a pencil-like two-jet event with small

τ = 1−T ≈ 0.002, on the right side an almost spherical event with large τ ≈ 0.35. The thrust
axis is shown as a red dashed line.

The definition (4.1) is useful to distinguish pencil-like from spherical events, but
not suitable to single out configurations with more than two jets. However, minimizing
over several reference vectors one can generalize thrust in such a way that it vanishes
for events with N massless jets. This generalized quantity is called N -jettiness [74].
At hadron colliders, it is also useful define event shapes in the transverse plane [75].
An analysis of factorization for transverse thrust at a hadron colliders can be found
in [76]. As discussed above, the relevant effective theory involves four collinear sectors.

Thrust is soft and collinear safe, i.e. its value does not change under exactly
collinear splittings or infinitely soft emissions. This property makes it possible to com-
pute it perturbatively. However, for small τ ! 1 we encounter large logarithms. To
analyze this limit, let us choose the SCET reference vectors as nµ = (1,"nT ) and
n̄µ = (1,−"nT ). In Fig. 4.3, we show an event with small τ . It will involve energetic
particles collinear to nµ and n̄µ, together with soft large-angle radiation. Performing
a region analysis, one will find the same regions (3.9) we identified in the Sudakov
form factor, but with expansion parameter λ = τ . We can thus separate the sum over
particles in (4.1) into individual sums in the soft and collinear sectors and write

τQ =
∑

i

|"pi|− |"nT · "pi|

=
∑

i

n · pci +
∑

i

n̄ · pc̄i +
∑

i

n · pRsi +
∑

i

n̄ · pLsi

= n · pXc + n · pRXs
+ n̄ · pXc̄ + n̄ · pLXs

,

(4.3)

where we have split the soft particles into left- and right-moving ones in order to
be able write the sums in terms of light-cone components. In the last line, we have
introduced the total momentum in each category. This result has a simple physical
interpretation. Before deriving it, we note that due to the definition of the thrust axis,
the total transverse momentum is zero in each hemisphere. As a result, also the total
collinear transverse momentum p⊥Xc

is zero, up to terms which are of the same order

thust axis ⃗n

Farhi ‘77

τ = 1 − T = 0.002 τ = 0.35



The thrust distribution at LO has the form
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1
σ0

dσ

dτ
=

2αs

3π

[
−3

τ
+ 6 + 9τ +

(
6τ2 − 6τ + 4

)

(1− τ)τ
ln

1− 2τ

τ

]

=
2αs

3π

[
−4 ln τ − 3

τ
+ dregular(τ)

]

singular terms
Sudakov double logarithm

=
2αs

3π

[
−2 ln2 τ − 3 ln τ + . . .

]
R(τ) =

∫ τ

0
dτ ′ 1

σ0

dσ

dτ ′

At small  the perturbative corrections are enhanced! 
Fixed-order expansion in  breaks down.

τ
αs



• Precise measurements of thrust and other event shapes at  
colliders; comparison to theoretical prediction used to extract   

• To describe peak region, one needs resummation of logarithmically 
enhanced terms and include non-perturbative effects 

• Sensitivity to soft radiation is problematic at hadron colliders. 
Solution: Shapes defined with jets, grooming, or soft-insensitive 
observables such as EEC.

e+e−

αs
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Jet cross sections

Idea: define a cross section which reflects 
underlying hard partonic process, but includes 
soft and collinear radiation to be infrared safe.
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Sterman-Weinberg ‘77 jets

Original definition of a two-jet cross section in  collisions. 
Two parameters 

• Cone angle δ, energy fraction β outside cone 

Infrared safe, but perturbative corrections are enhanced by  
and . Also, careful analysis shows that lowest scale is 

, must ensure  .

e+e−

ln δ
ln β

Λ = β δ Q Λ ≫ ΛQCD

σ(β, δ)
σLO

= 1 +
αs

3π (−16 ln β ln δ − 12 ln δ + 10 −
4π2

3 ) + 𝒪(β, δ)



Cone jets
To define multijet cone-jet cross sections, one 
needs IR safe prescriptions to  

• choose cone directions 

• to treat overlapping cones (split/merge) 

Cone algorithms used at the Tevatron relied on 
seeds and were IR unsafe!  

SISCone Salam, Soyez ‘08 is modern, seedless 
cone algorithm suited for hadron colliders. 
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Sequential recombination jets
Alternative definition of a jet is to sequentially combine 
particles into jets. 
Simplest prescription for  is JADE algorithm 

1. For all pairs of particles ij, compute  

 

2. Find pair ij with minimum value  .  

3. If  combine pair ij into new particle, 
go to step 1.) 

4. Otherwise declare all remaining particles jets.

e+e−

dij = 2EiEj (1 − cos θij)/Q2

ymin = dij

ymin < ycut
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Animation by Jürg Haag

*

clustering is for  algorithm (see next slides), not JADEkT
*



For massless particles  .  

• The JADE algorithms is infrared safe, since 
soft and collinear particles are immediately 
combined. 

However, jets are quite irregular 

• Soft particles moving in opposite directions 
can end up in same jet 

• perturbation theory:  terms with very 
complicated higher-order structure

dij = (pi + pj)2/Q2

ln(ycut)
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 algorithm in kT e+e−

Improved version of the JADE algorithm with 
distance measure 

 

Modification  

• ensures that soft partons are clustered with 
nearby partons 

• if i is softer parton then  , 
transverse momentum of i relative to particle j

dij = 2 min(E2
i , E2

j ) (1 − cos θij)/Q2

dij ≈ E2
i θ2

ij
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Catani et al. ‘91



Partons (quarks and gluons) of the protons collide with different 
energies. Lab frame  partonic center of mass frame. Use variables 
invariant under boosts along beam axis: 

• Momentum transverse to the beam  , azimuthal angle  and 
rapidity differences 

≠

kT ϕ
Δy

Hadron collider kinematics

77

Rapidity 

y =
1
2

ln(
E + pz

E − pz )

II. JET REPRESENTATION

Let us start by introducing the representation we use
for jets. We take the particle constituents of a jet, as defined
by any modern algorithm, and recombine them using a
Cambridge/Aachen (CA) sequential clustering algorithm
[4,39]. The CA algorithm does a pairwise recombination,
adding together the momenta of the two particles with the
closest distance as defined by the measure

Δ2
ij ¼ ðyi − yjÞ2 þ ðϕi − ϕjÞ2; ð1Þ

where yi is the rapidity, a measure of relativistic velocity
along the beam axis, and ϕi is the azimuthal angle of
particle i around the same axis. This clustering sequence is
then used to recast the jet as a full binary tree, where each of
the nodes contains information about the kinematic proper-
ties of the two parent particles. For each node i of the tree
we define an object T ðiÞ containing the current observable
state st, as well as a pointer to the two children nodes and
one to the parent node. The children nodes a and b are
ordered in transverse momentum such that pt;a > pt;b, and
we label a the “harder” child and b the “softer” one. The set
of possible states is defined by a five-dimensional box, such
that the state of the node is a tuple

st ¼ fz;Δab;ψ ; m; ktg; ð2Þ

where z ¼ pt;b=ðpt;a þ pt;bÞ is the momentum fraction of
the softer child b, ψ ¼ tan−1ðyb−yaϕa−ϕb

Þ is the azimuthal angle
around the i axis, m is the mass, and kt ¼ pt;bΔab is the
transverse momentum of b relative to a.

A. Grooming algorithm

A grooming algorithm acting on a jet tree can be defined
by a simple recursive procedure which follows each of the
branches and uses a policy πgðstÞ to decide based on the
values of the current tuple st whether to remove the softer
of the two branches. This is shown in Algorithm 1, where
the minus sign is understood to mean the update of
the kinematics of a node after removal of a soft branch.

The grooming policy πgðstÞ returns an action at ∈ f0; 1g,
with at ¼ 1 corresponding to the removal of a branch and
at ¼ 0 leaving the node unchanged. The state st is used to
evaluate the current action valuesQ%ðs; aÞ for each possible
action, which in turn are used to determine the best action at
this step through a greedy policy.
An example of the action of a grooming algorithm on a

tree is shown in Fig. 2, where the groomed branches are
indicated in red. The tree nodes whose kinematics have
been modified by the removal of a branch are indicated
with a prime.
It is easy to translate modern grooming algorithms in this

language. For example, recursive soft drop (RSD) [33]
corresponds to a policy

πRSDðstÞ ¼

(
0 if z > zcut

!
Δab
R0

"
β
;

1 else;
ð3Þ

where zcut, β and R0 are the parameters of the algorithm and
1 corresponds as before to the action of removing the tree
branch with smaller transverse momentum.

FIG. 2. Example of grooming on the binary tree representation
of a jet with the resulting tree after applying Algorithm 1 shown
on the right. Groomed branches are indicated in red, and the
corresponding nodes have been removed on the right-hand side.

Algorithm 1. Grooming.

Input: policy πg, binary tree node T ðiÞ

at ¼ πgðT ðiÞ → stÞ
if at ¼ 1 then

T ðjÞ ¼ T ðiÞ

while T ðjÞ ¼ ðT ðjÞ → parentÞ do
T ðjÞ → st ¼ ðT ðjÞ → stÞ − ðT ðiÞ → b → stÞ

end while
T ðiÞ ¼ ðT ðiÞ → aÞ
Groomingðπg; T ðiÞÞ

else
Groomingðπg; T ðiÞ → aÞ
Groomingðπg; T ðiÞ → bÞ

end if

FIG. 1. Jets emerging from a proton-proton collision at the
LHC and their representation as images in rapidity-azimuth (y;ϕ)
space or as clustering trees.

STEFANO CARRAZZA and FRÉDÉRIC A. DREYER PHYS. REV. D 100, 014014 (2019)

014014-2

z x

y
kT

ϕθ

transverse plane

Pseudo-rapidity 

η =
1
2

ln( 1 + cos θ
1 − cos θ ) massless particles: 

y = η



Distance measure 

                

                                 distance to beam 

with angular distance 

 

• Parameter R is the ``jet radius’’ 

• kT algorithm:  p = 1 ; C/A algorithm:  p = 0 

dij = min(k2p
Ti , k2p

Tj )
ΔR2

ij

R2

diB = k2p
Ti

ΔR2
ij = (yi − yj)2 + (ϕi − ϕj)2

 algorithm for hadron colliderskT
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Catani et al. ’93; Ellis and Soper ‘93

cluster soft into nearby  “Cambridge/Aachen” cluster solely based on angle



Clustering sequence for hadron collider algorithms 

1. Compute beam distance  and distance  for all 
pairs 

2. If mininum is  then recombine, go to step 1 

3. If mininum is  then i declare i a jet and remove it 
from list  

Inclusive algorithm: all particles are clustered into jets 
and many jets have very low   

• Hard jets selected by imposing minimum  on 
jets 

• Exclusive n-jet samples by vetoing additional jets 
above 

diB dij

dij

diB

kT

kmin
T

kmin
T

79



Experimentally,  and C/A  jets were unpopular, because 
the jets had irregular shapes.   

Problem is solved by setting  (anti-  algorithm) 

    and                      

Reverses clustering sequence: 

• start with hardest parton, cluster nearby softer 
particles into it 

and leads to very cone-like jets! Default LHC algorithm.

kT

p = − 1 kT

dij = min(k−2
Ti , k−2

Tj )
ΔR2

ij

R2
diB = k−2

Ti

anti-  algorithmkT

80

Cacciari, Salam, Soyez ’08; > 11’000 citations
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Figure 1: A sample parton-level event (generated with Herwig [8]), together with many random soft
“ghosts”, clustered with four different jets algorithms, illustrating the “active” catchment areas of
the resulting hard jets. For kt and Cam/Aachen the detailed shapes are in part determined by the
specific set of ghosts used, and change when the ghosts are modified.

the jets roughly midway between them. Anti-kt instead generates a circular hard jet, which clips a
lens-shaped region out of the soft one, leaving behind a crescent.

The above properties of the anti-kt algorithm translate into concrete results for various quanti-
tative properties of jets, as we outline below.

2.2 Area-related properties

The most concrete context in which to quantitatively discuss the properties of jet boundaries for
different algorithms is in the calculation of jet areas.

Two definitions were given for jet areas in [4]: the passive area (a) which measures a jet’s
susceptibility to point-like radiation, and the active area (A) which measures its susceptibility to
diffuse radiation. The simplest place to observe the impact of soft resilience is in the passive area for
a jet consisting of a hard particle p1 and a soft one p2, separated by a y − φ distance ∆12. In usual
IRC safe jet algorithms (JA), the passive area aJA,R(∆12) is πR2 when ∆12 = 0, but changes when
∆12 is increased. In contrast, since the boundaries of anti-kt jets are unaffected by soft radiation,

4

Cacciari, Salam, Soyez ’08parton shower event + many additional very soft partons



Inclusive jet cross section pp → jet + X

• Plot shows  and rapidity y of leading jet. 

• NNLO theory prediction needs PDFs (see next lecture), 
nonperturbative (NP) effects estimated by parton shower 

pT
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Figure 7. The unfolded measured particle-level inclusive jet cross sections as functions of jet pT in the
four rapidity bins (markers), compared to the NNLO perturbative QCD prediction (red histogram),
using the NNPDF3.1NNLO PDF set, with µR = µF = HT, and corrected for the NP effects. The
yellow (red) band shows the experimental (theoretical) systematic uncertainty. Statistical uncertainties
are included but are barely visible.

Figure 11 shows the ratios of the unfolded inclusive jet cross sections to the NNLO
theoretical predictions, using the NNPDF3.1NNLO (αS(mZ) = 0.118) PDF set, for µR =
µF = HT, as functions of pT, in the four |y| bins. Compared with the CT18NNLO PDF
set, we observe a flatter ratio and a smaller theoretical systematic uncertainty associated
with the NNPDF3.1NNLO set. This particular theoretical prediction agrees well with the
experimental results for jet pT < 400GeV, both in uniformity of the ratios across pT and
their proximity to unity.

Figure 12 shows the effect of αS(mZ) variation on the NNLO theoretical predictions and
the comparison with experimental results, for NNPDF3.1NNLO and µ = HT. The values of
αS range from 0.108 to 0.124. In this plot, the unfolded experimental measurement and all
theoretical predictions for different αS choices are divided by a benchmark NNLO theoretical
prediction for αS = 0.118 and the same choice of PDFs and scales.

From these results we conclude that the NLO calculation using the CT18NLO PDF set
with µ = HT agrees better with the experimental measurement than the same calculation with
µ = pT. The latter calculation gives a higher cross section across all pT bins for all |y| bins,
maintaining the same shape. On the other hand, the NNLO prediction changes the shape of
the ratio for the CT18NNLO PDF set, underestimating the cross section at lower pT bins
and overestimating it at higher pT bins, across all |y| bins. The scale systematic uncertainties
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 Kyle Lee

Energy Correlators in various region

2
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Matrix elements 

characterize energy flow into the detector 

A lot of new interesting developments in using these energy-energy 
correlators to study jet subtructure, determine αs and mt, … 

Correlators have many good properties 

• weighted by energy: insensitive to soft radiation: 

• factorization, light-ray OPE, CFT techniques Hofman, Maldacena ‘08
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Energy Flow Operators

• From a field theory perspective, jets are the study of matrix elements
of Energy Flow/ ANEC/ Lightray operators

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

✓
z �

1 � cos �ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(�s) z�N=4

J (�s) , (1.4)
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Correlator (EEC), defined as [2, 3]
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,
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• These correlation functions completely characterize the flow of energy
(or other charges) at infinity. Have a direct correspondence with
“calorimeter cells” in real experiments.

h |E(n̂1) · · · E(n̂k)| i

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n)

[Hofman, Maldacena]
[Sveshnikov, Tkachov; Korchemsky, Sterman]
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2-point EEC 
Simplest correlator is two-point function 

• Record intermediate angle  between pairs of 
particles a and b,  and put product  of 
their energies into  histogram. 

• In contrast to event-shapes and jets, each 
event has multiple entries into histogram!
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FIG. 1 Boundary term of the rapidity quark anoma-
lous dimension as a function of bT through four loops.
The bT dependence enters only through the coupling con-
stant. The diverging behavior at large bT is due to ap-
proaching the Landau pole. For recent work on extract-
ing the anomalous dimension non-perturbatively at large

bT see refs. [29–39].

quadratic and quartic Casimir operators

CR =
1

dR
tr(T a

R
T

a

R
) , (12)

C
4
R0R =

1

(4!)2
tr
⇣
T

{a1

R0 · · · T
a4}
R0

⌘
tr
⇣
T

{a1

R
· · · T

a4}
R

⌘
,

where R
0
2 {F, A}, T

a

R
are the generators of the repre-

sentation R and dR is the dimension of the color rep-
resentation. This property is referred to as generalized
Casimir scaling, which has also been observed to hold
for the four-loop cusp anomalous dimension [21, 22, 40].
We stress that we have computed �

i

r,4 independently for
i 2 {q, g}, so that generalized Casimir scaling was not
used as an input to our computation.

ENERGY-ENERGY CORRELATION AT N
4
LL

In this section we use our new result for �
q

r
to obtain

the first resummation for an event shape at N4LL. In par-
ticular, we consider the Energy-Energy Correlation [41]
(EEC) in electron-positron annihilation,

EEC(�) =
X

a,b

Z
d�

e+e�!a+b+X

EaEb

Q2
�(cos�ab � cos�) , (13)

which was one of the first infrared and collinear safe
observables proposed for an e

+
e
� collider. The EEC

measures the angle �ab between two final state parti-
cles weighted by the energies of the particles relative
to the total center-of-mass energy of the colliding e

+
e
�

pair. Furthermore, the EEC is symmetrized over all pos-
sible final state particle pairs, as implemented by the sum

in eq. (13). It is convenient to introduce a change of vari-
ables and to express the EEC in terms of z ⌘

1
2 (1�cos �),

z 2 [0, 1]. The small angle limit (� ! 0) is reproduced
by the z ! 0 limit, and the z ! 1 limit describes the
dijet/back-to-back (� ! ⇡) configuration. In these lim-
its, the observable becomes strongly sensitive to collinear
configurations of the QCD radiation generating large log-
arithms whose presence spoils the convergence of the per-
turbative expansion in the strong coupling constant. An
all-order understanding in the coupling, which allows for
the resummation of these logarithms, can be achieved
using factorization theorems [2, 3, 42–51].

Throughout its history the EEC has provided the
playground for exploring a variety of crucial aspects of
QCD and non abelian quantum field theories in gen-
eral, such as maximally supersymmetric Yang-Mills the-
ory (N = 4 sYM ). As a matter of fact, not only the EEC
has been measured in multiple experiments [52–61], but
it has been at the intersection of a variety of di↵erent
theoretical fields. The EEC has been studied at strong
coupling using the AdS/CFT correspondence [62], per-
turbatively in N = 4 sYM [63–69] and in QCD [43, 45–
50, 70–74], and it constitutes one of the simplest example
of energy correlators which have spurred renewed interest
in exploring the connections between QCD and N = 4,
see for example [75–80]. Moreover, the EEC can be used
for the extraction of the strong coupling constant (see for
example [59, 61, 81]), and its generalizations to ep and
hardon colliders as high precision probe for TMD physics
at present and future colliders [82–87].

EEC in the back-to-back limit

The back-to-back asymptotics of the EEC can be
described using Soft and Collinear E↵ective Theory
(SCET) [88–91] via the following factorization theorem
[51]

d�

dz
=

�̂0

8
Hqq̄(Q, µ)

Z 1

0
d(bTQ)2 J0

�
bTQ

p
1 � z

�
(14)

⇥ Jq

⇣
bT , µ,

QbT

�

⌘
Jq̄

⇣
bT , µ, QbT�

⌘
[1 + O(1 � z)] .

In eq. (14), J0 is the Bessel function arising from the
Fourier transform due to the azymuthal symmetry of the
EEC measurement, Hqq̄ is the quark color singlet SCET
hard function, which is related to the IR finite part of
the quark form factors [92–101] and can be extracted up
to 4 loops from the recent result of ref. [101], and Jq is
the quark EEC jet function which is known up to N3LO
[50, 51].

The EEC in the back-to-back limit is a SCETII ob-
servable, and therefore requires the handling of rapidity
divergences [1, 2, 12, 15, 102–108]. Eq. (14) is derived in
pure rapidity renormalization [51, 108], with � being the

Basham, Brown, Ellis, Love ’78
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• Now many measurements of transverse EECs within jets at hadron 
colliders (ALICE, ATLAS, CMS, STAR). 

• Large angles: perturbative. Very small angles: hadronisation 

• CMS αs determination based prediction with resummation Chen, Gao, Li, 
Xu, Zhang, Zhu ‘23 

                                                                    αs(MZ) =

EEC measurements at LHC

87

NLL: Lee, Mecaj, Moult ‘22

Summary

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

�
d�

EiEj

Q2
�

�
z � 1 � cos �ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(�n) =

��

0

dt lim
r��

r2niT0i(t, r�n) , (1.2)

where it is given by

d�

dz
=

hOE(�n1)E(�n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�N=4

J (�s) , (1.4)
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theoretical elegance of this approach, the jet pT has large
experimental uncertainties, making a precise determina-
tion of mt challenging in practice. We therefore believe
that identifying a top-mass-sensitive observable that is
simultaneously experimentally feasible at the LHC, com-
pletely robust to hadronization and UE, and calculable
to high perturbative orders remains an important open
problem.

In this Letter, we introduce an EEC-based observable
for precision top quark mass measurements, which over-
comes previous experimental difficulties. Our observable
is inspired by cosmology, where it is common that pre-
cisely measured observables, such as luminosity, are not
directly related to quantities of interest, such as dis-
tances. The use of standard candles then plays a cru-
cial role, providing a methodology for converting between
two independent dimensionful quantities. This is similar
to the present case of extracting masses from measure-
ments of high-multiplicity hadronic states: the dimen-
sionless angular scales [42] are robust observables, neces-
sitating the development of standard candles to enable
their use for precision mass measurements. Crucially,
the top quark predominately decays into an electroweak
scale particle whose mass has been measured with spec-
tacular accuracy, the W boson. This particle provides
the needed standard candle by introducing another di-
mensionless parameter, mt/mW , into the observable. In
this Letter, we study a hadronization and UE insensitive
standard candle constructed from EECs measured on the
W boson, allowing us to build a distance ladder all the
way back through the complicated QCD dynamics to the
time scales of the top quark. The outcome is a mea-
surement of the top mass in terms of the W mass. We
emphasize that this approach is distinct from current top
mass extractions [43, 44], which reconstruct the W decay
only to achieve a fine-grained calibration of the jet energy
scale to reduce experimental uncertainties. We demon-
strate the feasibility and properties of our approach at
the LHC through a Monte Carlo study and lay out a
roadmap for an experimental and theoretical program to
achieve a record top mass measurement.

Energy Correlators on Top Decays.—EECs map out
the angular scales of the asymptotic energy flux. There
has been rapid progress in our understanding of multi-
point energy correlators and their application to jet sub-
structure (see e.g. [32, 45–60]). Following their first cal-
culation in the collinear limit in [49], they have since been
calculated for generic angles [61, 62], analyzed theoret-
ically [63, 64], and measured on QCD jets [45, 51]. In
Ref. [32], the three-point correlator was applied to detect
the angular scale associated with the top decay. Since
at the leading order this is a hard three-body decay, it
was proposed that this could be detected in an equilat-
eral configuration for the correlator. However, the full
three-point correlator on top decays is a rich function of
three angles whose shape has not yet been explored.

(a) The shape of the three-point correlator on boosted top quark
jets, eq. (1). A large value of �S selects the hard top decay process,
but by lowering �S , the W peak emerges. Slices for specific values
of �S are shown on the boundaries of the plot.

(b) Slices for specific values of �S which emphasize the sharpness
of the W and top peaks. The green line with the small bump
corresponds to the equilateral projection considered in [32].

FIG. 1: Illustrative plots produced from Pythia showing
the imprint of top quark and W boson on the 3-point
EEC in eq. (1).

The key object of our analysis is the following inte-
grated EEC (weighted cross-section) which enables the
simultaneous extraction of the top and W character-
istic angular scales. We express the angles between
the momenta of the correlated final state particles as
�ij = ��2

ij + ��2
ij in terms of the standard rapidity-

azimuth coordinates. The observable we define is

T (�, �S , �A) �
�

hadrons
i,j,k

�
d�ijk

pT,i pT,j pT,k�
pT,jet

�3

d3�i,j,k

d�ijk

� �(�ij � �jk � �ki > �S) �

�
� �

(
�

�ij +
�

�jk)2

2

�

� �
�
�A > (

�
�ij �

�
�jk)2

�
. (1)

Here the sum is over all (not necessarily distinct) triplets

• Insights from formal theory are transforming
the way we think about jet substructure.

• Jet substructure is now a precision science:
more quantitative measurements of SM
parameters to come!

• Jet substructure provides an exciting example
of combining deep theoretical ideas with new
experimental data to learn about the real world.
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where the variables vm and vth are the measured and predicted differential E3C/E2C ratios,
respectively, and Vm is the covariance matrix of the unfolded data. The experimental and the-
oretical uncertainties are considered through n nuisance parameters, ~q = (q1, . . ., qn), where qj

is the number of standard deviations by which the uncertainty “j” is varied. The qj variation
changes the shapes of the E2C and E3C distributions simultaneously across all the bins.

The best fit value of aS(mZ) is 0.1229+0.0014
�0.0012 (stat)+0.0030

�0.0033 (theo)+0.0023
�0.0036(exp), where theo and exp

stand for theoretical and experimental systematic uncertainties, respectively. The central value
is determined by minimizing the c2 with respect to the nuisance parameters, simultaneously
varied, and the uncertainties are given by the aS(mZ) values that lead to c2 values exceeding the
minimum by 1. The high precision stems from the cancelation of most E2C and E3C systematic
uncertainties in their ratio. The largest sources of uncertainty are the renormalization scale in
the theoretical calculation (2.4%) and the energy scales of the jet constituents (2.3%).

In summary, the two- and three-particle jet substructure observables E2C and E3C have been
measured using a sample of proton-proton collision events at

p
s = 13 TeV, collected by the

CMS experiment and corresponding to an integrated luminosity of 36.3 fb�1. A multidimen-
sional unfolding has been performed, of the jet pT, of the (largest) distance between particles in
a pair or a triplet, and of the product of their energy weights, to compare the data with distribu-
tions simulated with several parton showering and hadronization models. This high-precision
measurement of jet properties described by QCD can help validate future higher-order cor-
rections in parton shower algorithms. The strong coupling at the Z boson mass is extracted
by comparing the measured E3C/E2C ratio with calculations at approximate next-to-next-to-
leading logarithmic accuracy matched to a next-to-leading perturbative QCD order corrected
for nonperturbative effects. The result, aS(mZ) = 0.1229+0.0040

�0.0050, is consistent with the world
average, 0.1180. This is the most precise determination of aS using jet substructure techniques.
The result benefits from the development of novel jet substructure observables, which reduce
the sensitivity to the quark-gluon composition, and from the availability of high-precision the-
oretical calculations.
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p
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Figure 2: Corrected distributions of the normalized EEC plotted differentially in �' for R = 0.4 (upper) and
R = 0.6 (lower), for jet transverse momentum selections 15 < ?T < 20 GeV/c (left) and 30 < ?T < 50 GeV/c
(right). The free-hadron regime, transition region, and quark-and-gluon regime are highlighted in green,
gray and purple respectively. NLL-pQCD calculations are presented for 3GeV/?T,jet < � R < R.

Figure 3: Corrected distributions of the normalized EEC (top) plotted differentially in �' for R = 0.4, for
jet transverse momentum selections 15 < ?T < 20 GeV/c (left) and 30 < ?T < 50 GeV/c (right). Comparisons
with PYTHIA-8 Detroit Tune are also presented. The ratio of the PYTHIA distribution over the corrected
data is also shown (bottom) alongside the magnitude of the systematic uncertainties for scale.
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Measurement of the energy-energy correlators in pp collisions at
p

s = 5.02 TeV ALICE Collaboration
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Figure 3: Normalized SEEC as a function of hp
ch jet
T iRL. lnhp

ch jet
T i in the y-axis represents ln(hp

ch jet
T i/(GeV/c)) as

explained in footnote 2. The gray line corresponds to the maximum location of the distribution and the gray band
corresponds to a ±0.17 GeV/c uncertainty along the x-axis. The orange curves show pQCD calculations [42],
which are normalized to data such that the integral inside RL range of [12 GeV/c/hp

ch jet
T i, 0.4] are the same. The

purple curve represents a linear functional form that is fit to data in the RL range of [0.01, 0.7 GeV/c/hp
ch jet
T i].

Bottom: Ratios of the pQCD calculation and linear fit to data. As the fitting range for the linear curve is mostly
accessible by the data in 20–40 GeV/c, the ratio of linear fit to data is only shown for 20–40 GeV/c. As the
normalization range for the orange pQCD curve is mostly accessible by the data in 60–80 GeV/c, the ratio of
pQCD to data is only shown for 60–80 GeV/c.
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Figure 3: Normalized SEEC as a function of hp
ch jet
T iRL. lnhp

ch jet
T i in the y-axis represents ln(hp

ch jet
T i/(GeV/c)) as

explained in footnote 2. The gray line corresponds to the maximum location of the distribution and the gray band
corresponds to a ±0.17 GeV/c uncertainty along the x-axis. The orange curves show pQCD calculations [42],
which are normalized to data such that the integral inside RL range of [12 GeV/c/hp

ch jet
T i, 0.4] are the same. The

purple curve represents a linear functional form that is fit to data in the RL range of [0.01, 0.7 GeV/c/hp
ch jet
T i].

Bottom: Ratios of the pQCD calculation and linear fit to data. As the fitting range for the linear curve is mostly
accessible by the data in 20–40 GeV/c, the ratio of linear fit to data is only shown for 20–40 GeV/c. As the
normalization range for the orange pQCD curve is mostly accessible by the data in 60–80 GeV/c, the ratio of
pQCD to data is only shown for 60–80 GeV/c.
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Jet substructure from EECs

Top quark jets have substructure from top decay 

   and  

Proposals to extract ratio  from 3-point correlator in 
top decays Holguin, Moult, Pathak, Procura, Schöfbeck, 
Schwarz ’23, ’24; Xiao, Ye, Zhu ‘24

t → W+ + b W− → ud̄

mt /mW

Application 1: Weighing the Top Quark

• The top quark mass is one of the most
important parameters of the SM. e.g.
electroweak vacuum stability/criticality,
electroweak fits, etc.

• Need simple observables with top mass
sensitivity that can be computed from first
principles field theory.

4

FIG. 3. Gauge dependence of the SM potential at its maxi-
mum with mpole

h = 125.14 GeV and mpole
t = 173.34 GeV.

approach at 1-loop. Decent fits are (12)
�
V 1-loop, trad.

max

�1/4 � (2.50 � 109 GeV)e�0.02�t+0.0003�2
t

�
�V 1-loop, trad.

min

�1/4
� (3.08 � 1029 GeV)e0.001�t�0.0001�2

t

The consistent gauge-invariant values at NLO are

�
V NLO

max

�1/4
= 2.88 � 109 GeV (13)

�
�V NLO

min

�1/4
= 2.40 � 1029 GeV

Note that �Vmin corresponds to an energy density well
above the Planck scale. Thus, the potential at the mini-
mum will surely be e�ected by quantum gravity and pos-
sible new physics not included in our calculation. Previ-
ous analyses have defined stability to be Planck-sensitive
if the instability scale �I > MPl [1, 2]. As we have ob-
served, the instability scale is gauge dependent, so this
is not a consistent criterion. An alternative criterion is
that new operator, such as O6 � 1

�2
NP

h6 be comparable

to Vmin when h = hhi. Although O6 and Vmin are gauge-
invariant, the value of O6 at the field value h where the
minimum occurs is gauge dependent, so this condition
is also unsatisfactory. A consistent and satisfactory cri-
terion was explained in [13]: the new operator must be
added to the classical theory and its e�ect on Vmin eval-
uated.

Adding O6 to the potential, we find that the the po-
tential is still negative at its minimum in the SM even
for operators with very large coe�cients. For example,
taking �NP = MPl = 1.22 � 1019 GeV, we find that
µmin

X = 6.0 � 1017 GeV and Vmin = �(1.1 � 1017 GeV)4.
Comparing to Eq. (13) we see that the energy of the true
vacuum is very Planck-sensitive.

More generally, a good fit is given by

Vmin = �(0.01 �NP)4, �NP � 1012 GeV (14)

When �NP < 3.6�1012 GeV, Vmin becomes positive and
for �NP < 3.1 � 1012 GeV the maximum and minimum

Metastability

Rapid instability

Absolute stability
HPlanck-sensitiveL

LNP
=10
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MHiggs

M
to
p

FIG. 4. Boundaries of absolute stability (lower band, NLO)
and metastability (upper line, LO). The thickness of the
lower boundary indicates perturbative and �s uncertainty.
The theoretical uncertainty of the metastability boundary is
unknown. The elliptical contours are 68%, 95% and 99%
confidence bands on the Higgs and top masses: mpole

h =

(125.14±0.23) GeV and mpole
t = (173.34±1.12) GeV. Dotted

lines are scales in GeV at which Vmin can be lifted positive by
new physics.

disappear. Thus the stability of the Standard Model can
be modified by new physics at the scale 1012 GeV.

If we vary the Higgs and top masses in the Standard
Model, we can compute the boundary of absolute stabil-
ity. This bound is shown in Figs. 4 and 5. The dotted
lines show where Vmin becomes positive when in the pres-
ence of O6 for the indicated value of �NP. Unexpectedly,
we find that three independent conditions (1) that Vmin

goes to zero, (2) that Eq. (5) have no solution, and (3)
that Vmin goes positive when �NP = MPl all give nearly
identical boundaries in the mpole

h /mpole
t plane. Know-

ing that quantum gravity is relevant at MPl, we should
therefore be cautious about giving too strong of an in-
terpretation of the perturbative absolute stability bound
in the SM. We also show in this plot the metastability
bound, that the lifetime of our vacuum be larger than
the age of the universe. At lowest order this translates to
�( 1

R )�1 < �14.53 + 0.153 ln[R GeV] for all R [30]. Since
�(µ) is gauge invariant, so is this criterion. Although for
the Standard Model this approximation is probably suf-
ficient, it has not been demonstrated that the bound can
be systematically improved in a guage-invariant way [31].

In this paper, we have only discussed a single physical
feature of the e�ective action: the value of the e�ective
potential at its extrema. There is of course much more
content in the e�ective action, especially when tempera-
ture dependence is included. Unfortunately, many uses
of the e�ective action involve evaluating it for particu-
lar field configurations, a procedure that has repeatedly
been shown to be gauge-dependent. For example, the

�̇3

2[mBH�i2`�H

�

�

b[m22x2/

7QH/2/

e�ik�

Figure 5: Illustration of the di�erent types of non-Gaussianity described in the text: 1) Local interactions in

the bulk produce the “equilateral” shape; 2) Excited initial states create an enhanced signal in the “folded”

configuration; and 3) The production and decay of massive particles leave an imprint in the “squeezed” limit.

where x2 � k2/k1 and x3 � k3/k1. The shape function S(x2, x3) is normalized so that S(1, 1) � 1.

As we will see below, the shape of the non-Gaussianity contains a lot of information about the

microphysics of inflation (see Fig. 5). This is to be contrasted with the power spectrum, which is

described by just two numbers, As and ns, and not a whole function.

Equilateral In slow-roll inflation, the flatness of the inflationary potential constrains the size

of the inflaton self-interactions. However, interesting models of inflation have been suggested

in which higher-derivative corrections—such as (��)4—play an important role during inflation.

These interactions lead to cubic interactions of the inflaton perturbations—like �̇3 and �̇(�i�)2—

and hence a nonzero bispectrum.8 Since the inflaton fluctuations interact locally at points in the

bulk spacetime, this produces a bispectrum with an enhanced signal for “equilateral” triangles,

with k1 � k2 � k3.

Folded The Gaussianity of slow-roll inflation also relies on the fact that we evaluated the quan-

tum fluctuations in the Bunch–Davies vacuum (corresponding to the ground state of the harmonic

oscillator). In contrast, starting from an excited initial state would lead to non-Gaussianity. The

detailed shape of this non-Gaussianity depends on the model for the excited initial state. A

universal feature is that the correlations are enhanced for “folded” triangles where two of the

wavevectors become colinear, so that k1 + k2 � k3. The signal in the folded configuration also

provides an interesting test of the quantum origin of the fluctuations [? ]. While classical fluctua-

tions would generically have non-vanishing correlations in the folded limit, quantum fluctuations

in the Bunch–Davies vacuum are characterized by the absence of such a signal.

8A systematic way to classify these derivative interactions is in terms of an EFT for the inflationary fluctua-

tions [10, 11].
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Factorization, evolution, 
resummation

Part III 

• Soft and collinear factorization 
• Parton distribution functions 
• DGLAP evolution 
• Drell-Yan process



QCD made simple(r)
The perturbative expressions for the scattering of 
quarks and gluons simplify considerably in the 

• Collinear limit, where multiple particles move in a 
similar direction. 

• Soft limit, in which particles with small energy and 
momentum are emitted. 

Cross sections are enhanced  
• IR singularities cancel for IR safe observables, 

but 
• induce large logarithms (see e.g. thrust, SW-jets) 

which should be resummed to all orders.



Collinear limit

In the limit , where the partons become 
collinear, the -parton amplitude factorizes into a 
product of an -parton amplitude times a 
splitting amplitude .

θ → 0
n
(n − 1)

Sp

θ
Mn = Mn−1 × P (1)Mn = Mn−1 × P (1)=Mn = Mn−1 × Sp (1)

P ∼ (2)
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Factorization is particularly simple, if we square the 
amplitude and sum over spins 

 |ℳn(p1, p2, …, pn) |2 =
g2

s

p1 ⋅ p2
𝒫P→1+2(z) |ℳn−1(P, …, pn) |2

Collinear limit

92

𝒫ℳn−1

θ
=ℳn

2 2

2

1

splitting functions

Collinear kinematics:    and   
with momentum fraction  

 

p1 ≈ z P p2 ≈ (1 − z) P
0 < z < 1



The splitting functions 

 

 

 

play an important role in QCD, e.g. in PDF evolution and 
in parton showers (next lecture). Short-hand notation 

    for     

𝒫q→q+g(z) = CF [ 1 + z2

1 − z ]
𝒫g→q̄+q(z) = TF [1 − 2z(1 − z)]
𝒫g→g+g(z) = 2CA [ z

1 − z
+

1 − z
z

+ z(1 − z)]

𝒫a→b(z) 𝒫a→b+c(z)
93



The splitting amplitude diverges as θ→0 and the 
factorization holds up to regular terms 

For the cross section, one finds 

  
Logarithmic enhancements at small angle, and 
also at small gluon energy. No interference!

Mn = Mn−1 × Sp (1)

dσn = CF dσn
dt

t
dz

dz

1 − z
(2)

dσn ∼ dσn−1

dθ

θ

dEg

Eg

dφ (3)

Mn = Mn−1 × P (1)Mn = Mn−1 × Sp (1)

P ∼ (2)



Also when particles with small energy and momentum 
are emitted, the amplitudes simplify: 

Soft emission factors from the rest of the amplitude.  

                                      in denominator leads to 
logarithmic enhancements at small energy and small 
angle.

Soft limit

p− k

k

p
≈ . . . u(p)

pµ

p · k

. . .
p/− k/ + m

(p− k)2 −m2
γµ u(p)

Mn = Mn−1 × Sp (1)

dσn = CF dσn
dt

t
dz

dz

1 − z
(2)

dσn ∼ dσn−1

dθ

θ

dEg

Eg

dφ (3)

Sn = P exp

[

ig

∫

∞

0

ds ni · A
a
s(sni)T

a
i

]

dσsoft
n+1 =

αs

2π

dω

ω

dΩ

2π
σn

n
∑

i,j=1

Cij
ω2 pi · pj

pi · k pj · k

dσsoft
n+1 ∝ |Mn|

2

n
∑

i,j=1

pi · pj

dP (”no emission at θ”) = 1 −
∑

dP (”emissions at θ”)

σ = H(Q2, µ)J(M2
X1

, µ)J(M2
X1

, µ) ⊗ S

p · k = E ω (1 − cos θ)



The cross section for the emission of one gluon is 

So for massless particles soft emission is a pure 
interference effect, in marked contrast to collinear 
emissions!

Mn = Mn−1 × Sp (1)

dσn = CF dσn
dt

t
dz

dz

1 − z
(2)

dσn ∼ dσn−1

dθ

θ

dEg

Eg

dφ (3)

Sn = P exp

[

ig

∫

∞

0

ds ni · A
a
s(sni)T

a
i

]

dσsoft
n+1 =

αs

2π

dω

ω

dΩ

2π
σn

n
∑

i,j=1

Cij
ω2 pi · pj

pi · k pj · k

dσsoft
n+1 ∝ |Mn|

2

n
∑

i,j=1

pi · pj

dP (”no emission at θ”) = 1 −
∑

dP (”emissions at θ”)

color factor ~ Ti⋅Tj



Soft-collinear factorization

Basis for higher-log resummation. More complicated than 
structure than what’s implemented in a parton shower: 

• Interference, color structure, spin, loop corrections.

H

J J

J J

S

Collins, Soper, Sterman,  ...

collinear emissions

soft emissions

virtual corrections



Soft-Collinear Effective Theory (SCET)

Implements interplay between soft and energetic collinear 
particles into effective field theory 

Hard 

Collinear fields 

Soft fields 

  

Allows one to analyze factorization of cross sections and 
perform resummations of large Sudakov logarithms.

}  high-energy

} low-energy part

Bauer, Pirjol, Stewart et al. 2001, 2002; Beneke, Diehl et al. 2002; ...

soft

jet

hard



Diagrammatic Factorization
The simple structure of soft and collinear 
emissions forms the basis of the classic 
factorization proofs, which were obtained by 
analyzing Feynman diagrams. 

Advantages of the the SCET approach: 

Simpler to exploit gauge invariance on the 
Lagrangian level 

Operator definitions for the soft and 
collinear contributions 

Resummation with renormalization group 

Can include power corrections

J.C. Collins, D.E. Soper / Back-to-back lets 

/ .  
I 

421 

I 
_ J  

Fig. 7.2. Dominant integration region for e+e annihilation for small wr. In both fig. 7.1 and this figure, 
the soft gluon subgraphs may be disconnected. 

We begin by considering the slightly simpler process a + b ~ A + B + X, where a 
and b are quarks with momenta k~, and k~ respectively. Let k~, be collinear (as 
defined in subsect. 4.2) in the v~ direction and let k~ be collinear in the v~ 
direction. Then the dominant integration regions are as shown in fig. 7.3. 

Consider a graph G for this process. A subgraph T of G will be called a tulip 
if G can be decomposed into subgraphs as indicated in fig. 7.3 with T being the 
central (possibly disconnected) S subgraph connecting the "jet" subgraphs J a  and 
Jn. The jet subgraphs must be connected and be one particle irreducible in their 
gluon legs. 

A garden is a nested set of tulips. 
In analogy with subsect. 5.5, we define a regularized version GR of G by 

G R  = G + ~. ( - 1 ) N S ( T 1 ) S ( T 2 )  • • • S ( T n ) G .  (7.2) 
inequivalent 

gardens 

Here the operator S ( T )  makes the soft approximation on the attachments to the 
jets J A  and JB of the gluons leaving tulip T. The soft approximation for attachments 

Collins, Soper, Sterman 80’s ...

Collins and Soper ‘81
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Example: factorization for Thrust 

• The perturbative result for the thrust distribution contains 
logarithms  , where .  

• Near the end-point τ → 0 the logarithmic terms 
dominate. 

• Using SCET one can derive a factorization theorem 

Scales:                                             
                                hard                    collinear               soft

α2
s ln2n(τ) τ = 1 − T

Q2 ≫ M2 ∼ τQ2 ≫ τQ
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1 Introduction

Lepton colliders, such as the Large Electron-Positron collider lep which ran from 1989-2000
at cern, provide an optimal environment for precision studies in high energy physics. Lacking
the complications of strongly interacting initial states, which plague hadron colliders, lep has
been able to provide extremely accurate measurements of standard model quantities such as
the Z-boson mass, and its results tightly constrain beyond-the-standard model physics. The
precision lep data is also used for QCD studies, for example to determine the strong coupling
constant αs. With the variation of αs known to 4-loops, one should be able to confirm in
great detail the running of the coupling, or use it to establish a discrepancy which might
indicate new physics. Even at fixed center-of-mass energy, differential distributions for event
shapes, such as thrust probe several energy scales and are extremely sensitive to the running
coupling. Moreover, event shape variables are designed to be infrared safe, so that they can be
calculated in perturbation theory and so the theoretical predictions should be correspondingly
clean. Nevertheless, extractions of αs from event shapes at lep have until now been limited
by theoretical uncertainty from unknown higher order terms in the perturbative expansion.

One difficulty in achieving an accurate theoretical prediction from QCD has been the
complexity of the relevant fixed-order calculations. Indeed, while the next-to-leading-order
(NLO) results for event shapes have been known since 1980 [1], the relevant next-to-next-
to-leading order (NNLO) calculations were completed only in 2007 [2, 3]. In addition to the
loop integrals, the subtraction of soft and collinear divergencies in the real emission diagrams
presented a major complication. In fact, this is the first calculation where a subtraction scheme
has been successfully implemented at NNLO [4]. However, even with these new results at hand,
the corresponding extraction of αs continues to be limited by perturbative uncertainty. The
result of [5] was αs(mZ) = 0.1240 ± 0.0033, with a perturbative uncertainty of 0.0029. This
NNLO result for the strong coupling constant comes out lower than at NLO, but 2σ higher
than the PDG average αs(mZ) = 0.1176 ± 0.0020 [6]. Actually, the most precise values of αs

are currently determined not from lep but at low energies using lattice simulations [7] and
τ -decays [8]. An extensive review of αs determinations is given in [9], new determinations
since its publication include [10, 11].

To further reduce the theoretical uncertainty of event shape calculations, it is important
to resum the dominant perturbative contributions to all orders in αs. To see this, consider
thrust, which is defined as

T = max
n

∑
i |pi · n|∑

i |pi|
, (1)

where the sum is over all momentum 3-vectors pi in the event, and the maximum is over all
unit 3-vectors n. In the endpoint region, T → 1 or τ = (1−T ) → 0, no fixed-order calculation
could possibly describe the full distribution due to the appearance of large logarithms. For
example, at leading order in perturbation theory the thrust distribution has the form

1

σ0

dσ

dτ
= δ(τ) +

2αs

3π

[
−4 ln τ − 3

τ
+ . . .

]
, (2)

where the ellipsis denotes terms that are regular in the limit τ → 0. Upon integration over

1

1− T ≈ M2
1 + M2

2

Q2

1
σ0

dσ

dτ
= H(Q2, µ)

∫
dM2

1

∫
dM2

2 J(M2
1 , µ) J(M2

2 , µ) ST (τ Q− M2
1 + M2

2

Q
,µ)



Resummation by RG evolution
Evaluate each part at its characteristic scale, evolve to 
common reference scale μ

Each contribution is evaluated at its natural scale. No 
large perturbative logarithms.

102

µ2

Q2

Λ2
s

M2
1 ∼M2

2

H(Q2
, µ

2
h)

J(M2
1 , µ2

j )J(M2
2 , µ2

j )

S(Λ2
s, µ

2
s)

RG-improved perturbation theory 



The integrated cross section 

 

has for low qT an expansion of the form (  ) 

                

Σ(τ) =
1
σ ∫

τ

0
dτ′￼

dσ
dτ′￼

L = ln τ

leading logarithms 
next-to-leading logarithms

Aside: counting of logarithms

Σ(τ) = 1 + αs (c2L2 + c1L + c0) + α2
s (c4L4 + c3L3 + …) + α3

s (c6L6 + …) + …



Exponentiation

Σ(τ) = exp (L g1(αsL) + g2(αsL) + αsg3(αsL) + α2
s g4(αsL) + …)

The resummed cross section has the form 

Nontrivial, crucial feature: only one L per order
Accuracy: 

• LL: g1;  NLL: g1, g2;  NNLL: g1, g2, g3  

Systematics: expand in αs but count αs L as O(1) 

Matching: 
 N3LL + NNLO  

logarithms at small   + fixed order at larger τ τ



State of the art theoretical predictions for thrust include 

• NNLO fixed order + resummation up to N3LL + fit for 
hadronisation effects (parameter ) 

• Fit to data gives low  in strong tension with world average 

Ongoing discussions (see e.g. talks by Benitez, Ferrera and Nason at 
PSR2025 conference)  how this can be resolved.

Ω1

αs

105

(a) (b)

(c) (d)

Figure 19: Comparison of theory prediction and experimental data at the Z-pole in the

fit region, panel (a). We also show results outside the fit region in the peak (b), tail (c),

and far-tail (d) regions. The theory prediction uses our default N3LL→+O(ω3
s) results for

the cross section. The best fit values for ωs and !R

1
are used.

Eq. (6.1). The displayed red error band arises from the 500-point random scan over the

profile parameters. The analogous comparisons for Q = 44GeV and Q = 189GeV are

shown in Figs. 20a and 21a, respectively, in the appendix. Overall, we see a very good

agreement to the data points within their uncertainties for all thrust values and energies,

and in particular with those having the smallest uncertainties.20

The other plots in Figs. 19 show the comparison of the theory prediction to the Z-pole

data, based on the best-fit results, for thrust values not used in the fit. For example,

Fig. 19b shows the comparison in the peak region, Fig. 19c in the tail region above the fit

interval up to ε = 0.325, and Fig. 19d in the far-tail and endpoint region for ε > 0.325.

In Figs. 20 and 21 the analogous plots show the comparison for the other energies. We

again find an excellent agreement with the experimental data, which is comparable to

the one visible for the thrust fit intervals. There are some discrepancies visible in the

prediction of the peak region shape. However, this is not unexpected since in the peak

a more flexible parametrization for the shape function should be implemented, including

20
In Ref. [50] a very similar comparison was already carried out for the Z-pole data.

– 60 –

Summary
• Provided comprehensive analysis of available data on Thrust


• Innovations include


Careful analysis of the fit region


Uncertainty estimate for deviation from dijet treatment of PC


Assessment of different sources of uncertainty beyond 2010 analysis (renormalon subtraction 
scheme, power corrections in dijet non-singular)


• Including Resummation combined with Fixed-Order predictions provides results that are order-by-
order convergent and yields stable fit results w.r.t. a variation of the fit range


• Fit result for , in the context of power correction treatment, only depends on shape of power 
correction, not on its precise numerical value


• Resummation space dependence not important for Thrust


• Our fit results are:

αs(mZ)

Miguel Benitez - PSR - 2025, 14 July – 18 July 2025                                                                                                                                                                               21

Benitez et. al ‘25

https://indico.cern.ch/event/1487647/timetable/


PDF factorization
We now discuss the factorization theorem at the 
heart of hadron collider physics. The 
factorization of the cross section into  

• Parton Distribution Functions (PDFs) 
which describe the non-perturbative 
physics inside hadrons and 

• perturbative hard scattering cross 
sections which describe the scattering of 
partons (quarks and gluons) at high 
energies
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For  collisions, we have demonstrated that for IR safe 
observables we can compute with quarks and gluons instead of 
hadrons in the final state.

e+e−

jet

jet
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Remains true at the hadron collider, but we also have non-pertubative 
dynamics in the initial-state hadrons! 
Thanks to asymptotic freedom, high-energy scattering takes place 
between individual partons (quarks and gluons) inside the hadrons. 

jet

jet
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Non-perturbative Parton Distribution Functions (PDFs) give the 
probability to find parton (e.g. gluon, or an s-quark) with fraction  of 
the hadron momentum  . Hard scattering cross section of partons 
is evaluated in perturbation theory. 

xi
Pi

jet

jet

P1

P2

x1P1

x2P2



Factorization theorem

       

• PDF  depends on parton  hadron type , 
momentum fraction  and factorization scale  

•  is the partonic cross section for scattering of  
and  into selected final state (jets, etc.) 

• Theorem holds up to terms suppressed by powers 
of 

σ = ∑
i,j∈q,q̄,q

∫
1

0
dx1 ∫

1

0
dx2 fi/h1

(x1, μ) fj/h2
(x2, μ) ̂σij(μ)

fi/h(x, μ) i h
x μ

̂σij i
j

ΛQCD/Q
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Historical side remark
Computing hadronic cross sections with quarks and gluons 
inside proton is sometimes referred to as the parton model. 

Historically, before QCD, Feynman and Bjorken observed 
that protons scattered like bags of point-like constituents 
``partons’’.  

Behavior is explained by asymptotic freedom of QCD and 
partons were later identified with quarks and gluons. This is 
sometimes called the QCD improved parton model, a 
horrific name, please don’t use it! 

Factorization is a theorem about scattering in QCD in high-
E limit, not a model. Of course, theorems need to be 
proven…

111

for inclusive DY: Collins, Soper, Sterman ’85



Parton distribution functions

• Non-perturbative hadron matrix element of (quark or gluon) fields 
separated by light-like distance 

•  is light-like reference vector,  

• progress in computing them using lattice QCD, but currently 

• PDFs are determined from experimental measurements 

• parameterize functions   at reference scale  

• perform global fit to measured cross sections

nμ n2 = 0

fi/h(x, μ) μ = μ0

112

fq/h(x, μ) =
1

4π ∫ dt e−i x t n⋅P ⟨h(P) | χ̄(tn) nμγμ χ(0) |h(P)⟩
hadron state quark fields



Factorization scale
PDFs and partonic cross section depend on a 
factorization scale  . Defines separation into 
hard process  and PDF

μ
̂σ

113

̂σ

is this gluon part of  or part of  ??fq/h ̂σ

fq/h



• PDF matrix element gets UV divergences 
from energetic gluons with large   

• partonic  gets collinear divergences from 
partons with very low   

• Subtraction at scale  resolves both issues   

kT ≫ ΛQCD

̂σ
kT ≪ Q

μ
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̂σ
kT ∼ μ

fq/h

̂σ

kT

Q

μ

ΛQCD

𝒫q→q(z)
splitting function

fq/h



DGLAP evolution
Change in scale  can be computed perturbatively 

 

• Evolution driven by (space-like) splitting functions 
. Higher order functions up to  are known.  

• Evolution is solved numerically. 

• For  must choose  to avoid logarithmic 
enhancements of higher orders.

μ

∂fi/h(x, μ)
∂ ln μ

= ∑
j∈q,q̄,g

αs(μ)
π ∫

1

x

dz
z

fj/h(x/z, μ) 𝒫j→i(z)

𝒫i←j(z) α4
s

̂σ(Q, μ) μ ∼ Q
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Dokshitzer–Gribov–Lipatov–Altarelli–Parisi*
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PDF determination
Fits from several groups (ABMP, CT, HERA,MSHT, 
NNPDF). differ by 

• Parameterization (fixed form, neural network) 

• Method to estimate uncertainty (error eigenvector 
PDFs vs. replikas), theory uncertainties 

• Data selection 

• Treatment of heavy quark masses,  (fitted or 
fixed), QED effects, EW effects. 

PDF sets for different orders and purposes (LO, NLO, 
NNLO, …, MC, resummation, BSM)

αs
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• Deep Inelastic 
Scattering (DIS) 

measurements at 
HERA are crucial 

• also fixed-order DIS 
and DY at large x 

• Fits need theoretical 
predictions for all 
processes at 
appropriate order.

e− p → e− + X

117
Figure 2.1. The kinematic coverage of the NNPDF4.0 dataset in the (x, Q

2) plane.

10

NNPDF 4.0



• At large x, mostly u and d quarks. Proton ~ uud. PDFs vanish for 
. 

• At small x, gluons dominate. Also many valence quarks from 
. Most LHC collisions have small x. 

• Uncertainty bands from replika sets. (NNPDF provides 1000 replikas.)

x → 1

g → qq̄
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Figure 1.1. The NNPDF4.0 NNLO PDFs at Q = 3.2 GeV (left) and Q = 102 GeV (right).

the NOMAD neutrino dimuon structure functions, and the HERA DIS jet data. Then in Sect. 8 we assess
the dependence of PDFs on the methodology and verify the robustness of our results, by comparing with
PDFs obtained using the previous NNPDF3.1 methodology and by studying the impact of new positivity
and integrability constraints, checking the independence of results of the choice of PDF parametrization,
discussing the impact of independently parametrizing the charm PDF, and studying the role of nuclear
corrections. We finally present a first assessment of the implications of NNPDF4.0 for LHC phenomenology
in Sect. 9, by computing PDF luminosities, fiducial cross-sections, and di↵erential distributions for repre-
sentative processes. In Sect. 10 we summarize and list the NNPDF4.0 grid files that are made available
through the LHAPDF interface [32] and provide a summary and outlook.

A brief overview of the NNPDF fitting code is presented in App. A, while a more extensive description is
provided by the companion publication [31]. In App. B we compare the NNPDF4.0 dataset to that adopted
in other PDF determinations.

2 Experimental and theoretical input

We present the NNPDF4.0 dataset in detail. After a general overview, we examine each of the processes for
which new measurements are considered in NNPDF4.0, we present the details of the measurements, and,
for each dataset, we describe how the corresponding theoretical predictions are obtained. In NNPDF4.0,
theoretical predictions for data taken on nuclear targets are supplemented by nuclear corrections, which
are specifically discussed in a dedicated section. Experimental statistical and systematic uncertainties are
treated as in previous NNPDF determinations: see in particular Sect. 2.4.2 of Ref. [14] for a detailed
discussion.

The global dataset presented in this section is the basis for the final NNPDF4.0 dataset, which will
be selected from it by applying criteria based on testing for dataset consistency and compatibility, and for
perturbative stability upon the inclusion of electroweak corrections. The selection of the final dataset will
be discussed in Sect. 4 below.

2.1 Overview of the NNPDF4.0 dataset

The NNPDF4.0 dataset includes essentially all the data already included in NNPDF3.1, the only exceptions
being a few datasets that are replaced by a more recent final version, and single-inclusive jet datasets which
are now partly replaced by dijet data, as we discuss below. All the new datasets that were not included
in NNPDF3.1 are more extensively discussed in Sect. 2.2. For all those already included in NNPDF3.1 we
refer to Sect. 2 of Ref. [5] for a detailed discussion. Nevertheless we give a summary below.

The NNPDF3.1 dataset included data for lepton-nucleon, neutrino-nucleus, proton-nucleus and proton-
(anti)proton scattering processes. The bulk of it consisted of deep inelastic scattering (DIS) measurements:
these included fixed-target neutral current (NC) structure function data from NMC [33,34], SLAC [35] and
BCDMS [36], fixed-target inclusive and dimuon charged current (CC) cross-section data from CHORUS [37]

6
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LHAPDF provides a common interface to PDF sets, used by 
many MC codes.

https://www.lhapdf.org


Drell-Yan process
The simplest hard-scattering process at a hadron 
collider is production of electroweak bosons 

Boson kinematics:
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P2

P1

x2P2

x1P1

fj(x2)

fi(x1)

�̂ij . (2.9)

Figure 2: A hard scattering process described in the parton model. [2]

The cross section of hard scattering processes initiated by two hadrons with momenta P1 and P2 are

�(P1, P2) =
X

i,j=q,q̄,g

Z
dx1dx2 fi(x1, µ)fj(x2, µ) �̂ij(p1, p2,↵s(µ), µ), (2.10)

where p1 = x1P1 and p2 = x2P2 [2]. On parton level, it also now becomes evident that

ŝ = x1x2s, (2.11)

where s is the center of mass energy squared for the incoming beams, and ŝ only involves the
momentum of the particles that actually participate in the hard scattering process we’re looking
at. f1(x1, µ) and f2(x2, µ) are the parton distributions functions of the incoming partons. We then
sum over all channels that contribute to a certain process. This gives us the fully inclusive jet cross
section.

2.4. Gap Between Jets

A gap between jets cross section refers to the cross section of an event where there are two jets are
emitted in roughly opposite directions in the center of mass frame, and there is a „gap” between
them without particle emission. The jets occur at energies ⇠ Q. One then introduces a veto scale
Q0 for the gap region , which is much lower. Any event that involves a jet with pT > Q0 in the gap
region is vetoed [3].

Technically, when one eventually would like to integrate over the rapidity (or the angle ✓), one would
have to include everything that is not part of the jets. However, to simplify, we will only consider
a rectangular region that cuts off at the outer radius of the jets [3]. Figure 3 shows a schematic of
what that looks like. The gap lies between y1 and y2, so the rapidities of jet 1 and 2 (or, in the
simplified case we will be using, the outer limits of the jets). If we use the center of mass frame, then
y1 = �y2. Generally, we can define a gap via �Y = |y2 � y1|.
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LO prediction

• No transverse momentum at LO, . 
• Rapidity distribution gives direct access to product of 

PDFs. (Interesting asymmetries in  production!)

qT = 0

W±
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For -exchange 

 

γ

̂σqq̄ =
4π
3

α2

Q2

Q2
q

Nc

 

with            and      

d2σ
dQ2dy

= ∑
q

̂σqq̄ [ fq(x1, μ) fq̄(x2, μ) + (q ↔ q̄)]
x1 = τ ey x2 = τ e−y



N3LO predictions
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4

Fixed order �pp!�⇤(fb)

LO 339.62+34.06
�37.48

NLO 391.25+10.84
�16.62

NNLO 390.09+3.06
�4.11

N3LO 382.08+2.64
�3.09 [14]

N3LO only qcutT = 0.63 GeV qcutT ! 0 fit [14]

qg �15.32(32) �15.34(54) �15.29

qq̄ + qQ̄ +5.06(12) +5.05(12) +4.97

gg +2.17(6) +2.19(6) +2.12

qq + qQ +0.09(13) +0.09(17) +0.17

Total �7.98(36) �8.01(58) �8.03

TABLE I: Inclusive cross sections with up to N3LO
QCD corrections to Drell-Yan production through
a virtual photon. N3LO results are from the qT -
subtraction method and from the analytic calculation
in [14]. Cross sections at central scale of Q = 100 GeV
are presented together with 7-point scale variation.
Numerical integration errors from qT -subtraction are

indicated in brackets.

NNLOJET and SCET predictions involve logarithms up
to ln6(Q/q

cut
T ), which become explicit in the SCET cal-

culation. The NNLOJET calculation produces the same
large logarithms but with opposite sign, as well as power
suppressed logarithms (qcutT )m lnn(Q/q

cut
T ), where m � 2

and n  6. The physical N3LO total cross section con-
tribution must not depend on the unphysical cuto↵ q

cut
T ;

therefore it is important to choose a su�ciently small qcutT
to suppress such power corrections.

Figure 2 demonstrates the dependence on q
cut
T of the

SCET+NNLOJET predictions is negligible for values be-
low 1 GeV. In fact, for all partonic channels except qg,
the cross section predictions become flat and therefore
reliable already at qcutT ⇠ 5 GeV. It is only the qg chan-
nel that requires a much smaller q

cut
T , indicating more

sizeable power corrections than in other channels.

Also shown in Fig. 2 in dashed lines are the inclusive
predictions from [14], decomposed into di↵erent partonic
channels. We observe an excellent agreement at small-qT
region with a detailed comparison given in Table I. We
present total cross sections at small qcutT value (0.63 GeV)
and results from fitting the next-to-leading power sup-
pressed logarithms with q

cut
T extrapolated to zero. This

agreement provides a fully independent confirmation of
the analytic calculation [14], and lends strong support to
the correctness for our qT -subtraction-based calculation.
We observe large cancellations between qg channel (blue)
and qq̄ channel (orange). While the inclusive N3LO cor-
rection is about �8 fb, the qg channel alone can be as
large as �15.3 fb. Similar cancellations between qg and
qq̄ channel can already be observed at NLO and NNLO.
The numerical smallness of the NNLO corrections (and
of its associated scale uncertainty) is due to these cancel-

FIG. 3: Di-lepton rapidity distribution from LO to
N3LO. The colored bands represent theory uncer-
tainties from scale variations. The bottom panel is
the ratio of the N3LO prediction to NNLO, with dif-

ferent cuto↵ q
cut
T .

lations, which may potentially lead to an underestimate
of theory uncertainties at NNLO.
In Fig. 3, we show for the first time the N3LO pre-

dictions for the Drell-Yan di-lepton rapidity distribution,
which constitutes the main new result of this Letter. Pre-
dictions of increasing perturbative orders up to N3LO
are displayed. We estimate the theory uncertainty band
on our predictions by independently varying µR and µF

around 100 GeV with factors of 1/2 and 2 while elimi-
nating the two extreme combinations (7-point scale vari-
ation). With large QCD corrections from LO to NLO,
the NNLO corrections are only modest and come with
scale uncertainties that are significantly reduced [5, 7, 8].
However, as has been observed for the total cross sec-
tion, the smallness of NNLO corrections is due to cancel-
lations between the qg and qq̄ channels. Indeed, Fig. 3
shows clearly that the N3LO correction is large compared
with NNLO, and that the NNLO scale uncertainty band
fails to overlap with N3LO over the full rapidity range.
It should however be noted that the uncertainties from
PDFs, especially from the missing N3LO e↵ects in their
evolution, can be at the percent level [14], which high-
lights the necessity for a consistent PDF evolution and
extraction at N3LO in the future.
In the bottom panel of Fig. 3, we show the ratio of

the N3LO rapidity distribution to the previously known
NNLO result [7, 8]. As can be seen, the corrections are
about �2% of the NNLO results, and are flat over a
large rapidity range. There is minimal overlap between
the scale uncertainty bands only at large y�⇤ . To test the
numerical stability at N3LO, three values of qcutT are ex-
amined in the bottom panel. We observe the qcutT depen-

Separate variation of  
• scale  in PDF 

• scale  in  
by factor two, subject to 

 
→ 7 scale settings 

Only NNLO PDFs available

μf

μr αs

1/2 < μf /μr < 2

 is technical parameter 
in slicing method: lecture 4 
qcut

T

2301.11827



Monte Carlo Methods 
and Parton Showers

Part IV 

• Monte Carlo techniques 
• Fixed-order MCs 
• Parton showers



Monte-Carlo integration
Basic principle is to evaluate integrals by random sampling 

 

where  are random numbers with flat distribution. 
Uncertainty estimate from variance 

      with     

• Scales as  ; independent of dimension of integral 

• Minimize variance (variable change) for accurate results 
(Exercise: try MC integration for  )

I = ∫
1

0
dx f(x) → IN =

1
N

N

∑
i=1

f(zi)

zi ∈ [0,1]

I = IN ± σ

N
σ2 ≈ σ2

N =
1
N

N

∑
i=1

f(zi)2 − I2
N

1/ N

f(x) = 1/ x
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Event generator
• MC method is used for phase-space integration. 

Dimension of integrals is 3n-4 for n particles 

• MC sample point   can be viewed a (collider) 
event with ``weight’’  

• In nature, events have . Instead of a large 
function value , we get more events when the 
cross section is large, fewer when it is small 

• Convenient to have a  event sample, then 
event generator behaves like a virtual collider

f(zi)
wi = f(zi)

wi = 1
f(zi)

wi = 1
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Unweighting
For a bounded function  we 
can obtain  events as follows

0 ≤ f(x) ≤ fmax
wi = 1

126

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

0.20

x

f(
x)

1. choose random 
 

2. choose random 
 

3. if  accept 
event

xi ∈ [0, 1]

fi ∈ [0, fmax]
fi < f(xi)

fi

xi

f(x)



Fixed-order MC codes
• With appropriate cuts, differential tree-level cross 

sections are positive and bounded 

• Tree level  event generators 

•  parton showers 

• Higher-order partonic cross sections are unbounded 
and do not have definite sign (negative virtual 
corrections) 

• Higher-order fixed-order MC codes can not 
provide  events 

• Only suitable integrals are IR finite and meaningful

w = 1

w = 1

w = 1
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Real emission IR singularities
Result for the  real emission phase space in 

 has the form 

 

where  is regular. For IR safe , poles in  
in  cancel against those in loop corrections to  .  

Result in  is unsuitable for MC integration!  
Solution:


• Extract IR singularities, combine with virtual. 
• MC integral for finite reminder.

qq̄g
d = 4 − 2ε

σqq̄g = ∫
1

0
dy1 ∫

y1

0
dy2 y−1−ε

1 y−1−ε
2 f(y1, y2, ε) 𝒪(y1, y2)

f(y1, y2) 𝒪(y1, y2) ε
σqq̄g σqq̄

d = 4 − 2ε
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Virtual and real correction 

    and     

IR safety:  

Methods to isolate divergences:  

• subtraction 

• slicing

V = (−
1
ε

+ 2) f(0) R = ∫
1

0
dx

1
x1−ε

f(x)

lim
x→0

f(x) = f(0)

Toy integral
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Subtract singular limit in integrand in 

     

Subtraction term is evaluated analytically  

 

and added to virtual correction  

 

• Both  and  are finite for .  

• Real emission  can be evaluated with MC integration.

R = R − S = ∫
1

0
dx

1
x1−ε [ f(x) − f(0)]

S = f(0)∫
1

0

1
x1−ε

= f(0)
1
ε

σNLO
f = R + V = (R − S) + (V + S) = R + V

R V ϵ = 0
R

Subtraction method
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Isolate singular piece by splitting integration  

     

Integrand is regular, bounded, positive, can set  and 
use MC. In remainder, approximate  

 

and add to virtual correction 

 

The two parts are physical cross sections!

Rδ = ∫
1

δ
dx

1
x1−ε

f(x)

ε = 0
f(x) = f(0) + 𝒪(x)

Sδ = f(0)∫
δ

0

1
x1−ε

+𝒪(δ) = f(0)( 1
ε

+ ln δ)+𝒪(δ)

σNLO
f = Rδ + (Sδ + V)+𝒪(δ) = σ(x > δ) + σ(x < δ)

Slicing method

131



Slicing
In contrast to subtraction, slicing involves an expansion in 
slicing parameter  . 

• Important that is  small enough that power 
corrections in  are negligible! 

• Small  is numerically difficult. Large cancellations 
between  and  

Advantage of slicing is that it is done on the level of cross 
sections, which can be computed independently 

 

δ
δ

δ

δ
Rδ σ(x < δ)

σ = σ(x > δ) + σ(x < δ)
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For NLO: tree-level cross section; 
compute with tree-level generator

expanded in  and observable independent; 
compute using factorization theorem at small  

δ
δ



Realistic NLO computation for n-jet cross section involves  
• n-parton phase space for virtual corrections 
• (n+1)-parton real emissions corrections 
• Singularities when 2 partons become collinear, or 1 

parton becomes soft 
There are general algorithms for the subtraction terms, based 
on universal soft and collinear factorization 

• FKS subtraction Frixione, Kunszt, Signer ‘95 
• Dipole subtraction Catani Seymour ’98 

Both schemes have been automated and implemented into 
numerical codes.

NLO subtraction methods
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One-loop amplitudes
Passarino and Veltman ’79 showed that all loop integrals 
can be decomposed in a small set of known scalar 
integrals 

However, original integral reduction method leads to 
numerical instabilities and is unsuitable for complicated 
processes.
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Fabio MaltoniFabio MaltoniMattelaer Olivier Monte-Carlo Lectures: 2019

• The a, b, c, d and R coefficients depend only on 
external parameters and momenta

Divergences

 114

➡The coefficients d, c, b and a are finite and do not contain poles in 1/є

➡The 1/є dependence is in the scalar integrals (and the UV renormalization)

➡Divergencies related to the Real

M1-loop =
�

i0<i1<i2<i3

di0i1i2i3Boxi0i1i2i3

+
�

i0<i1<i2

ci0i1i2Trianglei0i1i2

+
�

i0<i1

bi0i1Bubblei0i1

+
�

i0

ai0Tadpolei0

+R +O(�)

Tadpolei0 =
�

ddl
1

Di0

Bubblei0i1 =
�

ddl
1

Di0Di1

Trianglei0i1i2 =
�

ddl
1

Di0Di1Di2

Boxi0i1i2i3 =
�

ddl
1

Di0Di1Di2Di3

Di = (l + pi)
2 �m2

i



Integral reduction
This problem has been solved. We now have 
automated methods to reliably compute also fairly 
complicated loop amplitudes 

• Unitarity and on-shell methods Ossola, 
Papadopoulos, Pittau ’07; Ellis, Giele, Kunszt 
‘07 with fully numerical evaluation based on 
reduction at the integrand level  

• Improvements on ``traditional’’ reduction 
technique Denner, Dittmaier ’06, ‘11
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NLO: one-loop amplitudes
Main one-loop amplitude providers:


‣BlackHat(https://blackhat.hepforge.org/) 

‣Collier (https://collier.hepforge.org) 

‣GoSam (https://gosam.hepforge.org)  

‣Golem95 (https://golem.hepforge.org/) 

‣Helac-NLO/Helac-1Loop (https://helac-phegas.web.cern.ch)  

‣Ninja (https://ninja.hepforge.org/) 

‣Njet (https://www.physik.hu-berlin.de/de/pep/tools/njet) 

‣NLOX (http://www.hep.fsu.edu/~nlox/) 

‣OpenLoops (https://openloops.hepforge.org)  

‣Recola/Recola2 ( https://recola.hepforge.org)  
✓ Fast, automated generation and numerical evaluation of one-loop amplitudes

✓ Easy interface with Sherpa, Herwig, POWHEG, and others

✓ QCD only, or full SM (QCD+EW) 7from Giulia Zanderighi’s talk at Planck2025
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NLO: general purpose tools
1. MadGraph5_aMC@NLO (https://launchpad.net/mg5amcnlo)  

• Full automation of NLO QCD and EW

• Process generation via FeynRules/UFO. Supports parton showers via aMC@NLO


2. Sherpa+OpenLoops (https://sherpa.hepforge.org, https://openloops.hepforge.org)  

• SHERPA handles phase space, subtraction, matching, and showering

• OpenLoops provides fast NLO matrix elements. Efficient for multi-leg processes


3. Herwig+Matchbox (https://herwig.hepforge.org)  

• Herwig’s Matchbox module enables automated NLO QCD corrections and matching

• Works with external amplitude providers (OpenLoops, MadGraph, etc.)


4. POWHEG-BOX (http://powhegbox.mib.infn.it)  

• NLO with matching to parton showers (POWHEG method)

• Semi-automated; requires user input for new processes


5. MCFM (https://mcfm.fnal.gov)  

• Parton-level code for NLO calculations (less automated)

• Mostly SM processes. Mostly based on analytic calculations, very stable and fast 


… 8from Giulia Zanderighi’s talk at Planck2025
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Process Syntax Cross section (pb)

Single Higgs production LO 13 TeV NLO 13 TeV

g.1 pp→H (HEFT) p p > h 1.593± 0.003 · 101 +34.8%
−26.0%

+1.2%
−1.7% 3.261± 0.010 · 101 +20.2%

−17.9%
+1.1%
−1.6%

g.2 pp→Hj (HEFT) p p > h j 8.367± 0.003 · 100 +39.4%
−26.4%

+1.2%
−1.4% 1.422± 0.006 · 101 +18.5%

−16.6%
+1.1%
−1.4%

g.3 pp→Hjj (HEFT) p p > h j j 3.020± 0.002 · 100 +59.1%
−34.7%

+1.4%
−1.7% 5.124± 0.020 · 100 +20.7%

−21.0%
+1.3%
−1.5%

g.4 pp→Hjj (VBF) p p > h j j $$ w+ w- z 1.987± 0.002 · 100 +1.7%
−2.0%

+1.9%
−1.4% 1.900± 0.006 · 100 +0.8%

−0.9%
+2.0%
−1.5%

g.5 pp→Hjjj (VBF) p p > h j j j $$ w+ w- z 2.824± 0.005 · 10−1 +15.7%
−12.7%

+1.5%
−1.0%

3.085± 0.010 · 10−1 +2.0%
−3.0%

+1.5%
−1.1%

g.6 pp→HW± p p > h wpm 1.195± 0.002 · 100 +3.5%
−4.5%

+1.9%
−1.5% 1.419± 0.005 · 100 +2.1%

−2.6%
+1.9%
−1.4%

g.7 pp→HW± j p p > h wpm j 4.018± 0.003 · 10−1 +10.7%
−9.3%

+1.2%
−0.9% 4.842± 0.017 · 10−1 +3.6%

−3.7%
+1.2%
−1.0%

g.8∗ pp→HW± jj p p > h wpm j j 1.198± 0.016 · 10−1 +26.1%
−19.4%

+0.8%
−0.6% 1.574± 0.014 · 10−1 +5.0%

−6.5%
+0.9%
−0.6%

g.9 pp→HZ p p > h z 6.468± 0.008 · 10−1 +3.5%
−4.5%

+1.9%
−1.4% 7.674± 0.027 · 10−1 +2.0%

−2.5%
+1.9%
−1.4%

g.10 pp→HZ j p p > h z j 2.225± 0.001 · 10−1 +10.6%
−9.2%

+1.1%
−0.8%

2.667± 0.010 · 10−1 +3.5%
−3.6%

+1.1%
−0.9%

g.11∗ pp→HZ jj p p > h z j j 7.262± 0.012 · 10−2 +26.2%
−19.4%

+0.7%
−0.6% 8.753± 0.037 · 10−2 +4.8%

−6.3%
+0.7%
−0.6%

g.12∗ pp→HW+W− (4f) p p > h w+ w- 8.325± 0.139 · 10−3 +0.0%
−0.3%

+2.0%
−1.6% 1.065± 0.003 · 10−2 +2.5%

−1.9%
+2.0%
−1.5%

g.13∗ pp→HW±γ p p > h wpm a 2.518± 0.006 · 10−3 +0.7%
−1.4%

+1.9%
−1.5% 3.309± 0.011 · 10−3 +2.7%

−2.0%
+1.7%
−1.4%

g.14∗ pp→HZW± p p > h z wpm 3.763± 0.007 · 10−3 +1.1%
−1.5%

+2.0%
−1.6%

5.292± 0.015 · 10−3 +3.9%
−3.1%

+1.8%
−1.4%

g.15∗ pp→HZZ p p > h z z 2.093± 0.003 · 10−3 +0.1%
−0.6%

+1.9%
−1.5% 2.538± 0.007 · 10−3 +1.9%

−1.4%
+2.0%
−1.5%

g.16 pp→Htt̄ p p > h t t∼ 3.579± 0.003 · 10−1 +30.0%
−21.5%

+1.7%
−2.0% 4.608± 0.016 · 10−1 +5.7%

−9.0%
+2.0%
−2.3%

g.17 pp→Htj p p > h tt j 4.994± 0.005 · 10−2 +2.4%
−4.2%

+1.2%
−1.3% 6.328± 0.022 · 10−2 +2.9%

−1.8%
+1.5%
−1.6%

g.18 pp→Hbb̄ (4f) p p > h b b∼ 4.983± 0.002 · 10−1 +28.1%
−21.0%

+1.5%
−1.8% 6.085± 0.026 · 10−1 +7.3%

−9.6%
+1.6%
−2.0%

g.19 pp→Htt̄j p p > h t t∼ j 2.674± 0.041 · 10−1 +45.6%
−29.2%

+2.6%
−2.9%

3.244± 0.025 · 10−1 +3.5%
−8.7%

+2.5%
−2.9%

g.20∗ pp→Hbb̄j (4f) p p > h b b∼ j 7.367± 0.002 · 10−2 +45.6%
−29.1%

+1.8%
−2.1% 9.034± 0.032 · 10−2 +7.9%

−11.0%
+1.8%
−2.2%

Table 8: Sample of LO and NLO total rates for the production of a single SM Higgs, possibly in association and within cuts, at the

13-TeV LHC; we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. See table 1 for the

meaning of wpm, and table 7 for the meaning of tt, bb, and the generation syntax. Processes that explicitly involve b-quarks in the

final state are calculated in the four-flavour scheme, while all of the others are in the five-flavour scheme, except for g.12. A complete

set of references relevant to NLO rates for Higgs production can be found in refs. [334–338]. The W -boson width is set equal to 2.0476

GeV for process g.17. Cross sections at the NLO for HV jj and HV V production appear in this work for the first time.

–
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–

sample results from MadGraph5_aMC@NLO Alwall et al. ’14 
(paper now has >9700 citations) 



NNLO ingredients
• Two-loop virtual 

• Real-virtual 

• Double-real
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Γij = δijδ(1 − x) −
αs

π

P (0)
ij (x)

ε
+
(αs

π

)2
[

1

2ε2

((

P (0)
ik ⊗ P (0)

kj

)

(x) + β0P
(0)
ij (x)

)

−
1

2ε
P (1)

ij (x)

]

+ O
(

α3
s

)

. (10)

The standard space-like splitting functions Pij [20,21] are listed in the Appendix. We can easily solve Eq.(9) for
σ̂ij(x)/x = ρ̂ij(x) order by order in αs. It is convenient to introduce a matrix notation and rewrite Eq. (9) as

ρ = ΓT ⊗ ρ̂ ⊗ Γ, (11)

where ρ is the matrix of partonic cross-sections in flavor space and Γ is the matrix with components Γij(x) as in
Eq.(10). We then write

Γ = δ(1 − x)U −
αs

π
Γ1 +

(αs

π

)2
Γ2 + O

(

α3
s

)

, (12)

where the matrix U has the components Uij = δigδjg and Γ1,2 can be read off from Eq. (10). Inverting Eq.(11) to
obtain

ρ̂ =
[

ΓT
](−1) ⊗ ρ ⊗ [Γ]−1 , (13)

and expanding ρ̂ in αs

ρ̂ = ρ̂(0) +
αs

π
ρ̂(1) +

(αs

π

)2
ρ̂(2),

we find

ρ̂(0) = ρ(0), ρ̂(1) = ρ(1) + ΓT
1 ⊗ ρ(0) + ρ(0) ⊗ Γ1, (14)

ρ̂(2) = ρ(2) − ΓT
2 ⊗ ρ(0) − ρ(0) ⊗ Γ2 − ΓT

1 ⊗ ρ(0) ⊗ Γ1 + ΓT
1 ⊗ ρ̂(1) + ρ̂(1) ⊗ Γ1.

Having derived the finite partonic cross-sections σ̂ij , we must convolute them with the MS parton distribution
functions f̄i to obtain the total hadronic cross-section:

σh1+h2→H+X = x
∑

ij

[

f̄ (h1)
i ⊗ f̄ (h2)

j ⊗ (σ̂ij(z)/z)
]

(x). (15)

We present our results for the partonic cross-sections σ̂ij(z) in Section IV. In Section V we use Eq.(15) to calculate
the Higgs boson production cross-section at the Tevatron and at the LHC.

III. METHOD

In this Section we describe the method employed to compute the partonic cross-sections to NNLO. At this order
we must calculate three distinct contributions:

• double-virtual: the interference of the Born and the two-loop amplitude as well as the self-interference of the
one-loop amplitude for gg → H ,

⊗ ⊗ + 148 terms;

• real-virtual: the interference of the one-loop and the Born amplitudes for gg → Hg, gq → Hq, and gq̄ → Hq̄,

⊗ ⊗ + 635 terms;

• double-real: the self-interference of the Born amplitudes for gg → Hgg, gg → Hqq̄, gq → Hgq, gq̄ → Hgq̄,
qq → Hqq, and qq̄ → Hqq̄,

4
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The standard space-like splitting functions Pij [20,21] are listed in the Appendix. We can easily solve Eq.(9) for
σ̂ij(x)/x = ρ̂ij(x) order by order in αs. It is convenient to introduce a matrix notation and rewrite Eq. (9) as

ρ = ΓT ⊗ ρ̂ ⊗ Γ, (11)

where ρ is the matrix of partonic cross-sections in flavor space and Γ is the matrix with components Γij(x) as in
Eq.(10). We then write

Γ = δ(1 − x)U −
αs

π
Γ1 +

(αs

π

)2
Γ2 + O

(

α3
s

)

, (12)

where the matrix U has the components Uij = δigδjg and Γ1,2 can be read off from Eq. (10). Inverting Eq.(11) to
obtain

ρ̂ =
[

ΓT
](−1) ⊗ ρ ⊗ [Γ]−1 , (13)

and expanding ρ̂ in αs

ρ̂ = ρ̂(0) +
αs

π
ρ̂(1) +

(αs

π

)2
ρ̂(2),

we find

ρ̂(0) = ρ(0), ρ̂(1) = ρ(1) + ΓT
1 ⊗ ρ(0) + ρ(0) ⊗ Γ1, (14)

ρ̂(2) = ρ(2) − ΓT
2 ⊗ ρ(0) − ρ(0) ⊗ Γ2 − ΓT

1 ⊗ ρ(0) ⊗ Γ1 + ΓT
1 ⊗ ρ̂(1) + ρ̂(1) ⊗ Γ1.

Having derived the finite partonic cross-sections σ̂ij , we must convolute them with the MS parton distribution
functions f̄i to obtain the total hadronic cross-section:

σh1+h2→H+X = x
∑

ij

[

f̄ (h1)
i ⊗ f̄ (h2)

j ⊗ (σ̂ij(z)/z)
]

(x). (15)

We present our results for the partonic cross-sections σ̂ij(z) in Section IV. In Section V we use Eq.(15) to calculate
the Higgs boson production cross-section at the Tevatron and at the LHC.

III. METHOD

In this Section we describe the method employed to compute the partonic cross-sections to NNLO. At this order
we must calculate three distinct contributions:

• double-virtual: the interference of the Born and the two-loop amplitude as well as the self-interference of the
one-loop amplitude for gg → H ,

⊗ ⊗ + 148 terms;

• real-virtual: the interference of the one-loop and the Born amplitudes for gg → Hg, gq → Hq, and gq̄ → Hq̄,

⊗ ⊗ + 635 terms;

• double-real: the self-interference of the Born amplitudes for gg → Hgg, gg → Hqq̄, gq → Hgq, gq̄ → Hgq̄,
qq → Hqq, and qq̄ → Hqq̄,

4

⊗
⊗ + 594 terms.

The above interference terms are produced in a form convenient for further evaluation using the QGRAF package [22]
for generating Feynman graphs.

In the following subsections we briefly describe the available techniques for evaluating virtual corrections and explain
our method for integrating over the phase-space of the final state particles.

A. Virtual corrections

There currently exists a general method which permits the systematic evaluation of multi-loop virtual corrections. In
order to calculate a multi-loop amplitude we must first reduce the number of Feynman integrals. The hypergeometric
structure of Feynman integrals guarantees that simple algebraic relations between various scalar integrals exist, making
such a reduction possible. One method of producing these relations is the integration by parts (IBP) technique [9].
In cases where the system of equations is not complete, it can be supplemented with additional identities that exploit
the Lorentz invariance (LI) of scalar integrals [11].

In general, IBP and Lorentz Invariance (LI) identities relate integrals of differing complexity. For example, it
is possible that a single IBP equation relates an integral with an irreducible scalar product to integrals with no
irreducible scalar products or to integrals with fewer propagators. A typical situation however, involves multiple IBP
and LI identities relating several equally complicated integrals to a set of simpler ones. In such cases, every integral
must be written exclusively in terms of simpler ones and, eventually, expressed in terms of a few “master” integrals
which cannot be reduced further. Unfortunately, finding recursive solutions of the IBP and LI identities is tedious,
and may be impossible in complicated cases. Also, a separate treatment of each different topology in a Feynman
amplitude is required. Consequently, the whole procedure becomes increasingly cumbersome with the introduction of
more kinematic variables and loops.

We may alternatively consider a sufficiently large system of explicit IBP and LI equations which contains all the
integrals that contribute to the multi-loop amplitude of interest. It should then be possible to solve the system
of equations in terms of the master integrals [11,12] using standard linear algebra elimination algorithms. In this
approach, the number of loops, the topological details, and the number of kinematic variables, affect only the size of
the system of equations and the number of terms in each of the equations; they have no bearing on the construction
of the elimination algorithm. This in principle allows us to express any multi-loop amplitude in terms of master
integrals.

One possible elimination algorithm has been proposed by Laporta [12]. This algorithm exploits the fact that
Feynman integrals can be ordered by their complexity; for example they can be arranged according to the number
of irreducible scalar products and the total number and powers of propagators. This observation distinguishes the
IBP and LI systems of equations from algebraic systems with no intrinsic ordering, and it becomes possible to solve
them iteratively, starting with the simpler equations and progressing to more complicated. We use a variant of this
algorithm, implemented in FORM [23] and MAPLE [24].

After the reduction we must compute the analytic expansion in ε of the master integrals. The coefficients of the
expansion are typically expressed in terms of polylogarithms whose rank and complexity depends on the number of
loops and kinematic variables of the integral in question. The Mellin-Barnes representation [13] and the differential
equation method [11] can be used to evaluate master integrals explicitly.

B. Reduction of phase-space integrals

In this subsection we extend the application of the above techniques to calculate phase-space integrals for inclusive
cross-sections. To the best of our knowledge the method we present is new, however a somewhat related discussion
has been given earlier in [25].

To illustrate our method, we consider the following double-real contribution at NNLO:
∣

∣
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5

(NNLO Higgs production Anastasiou and Melnikov ’02)



NNLO subtraction
Challenging structure of IR singularities at NNLO 

• Double-soft, triple-collinear, soft-collinear, …  

• Difficult to find have subtraction terms covering all 
limits that can be integrated analytically. 

Many methods, all used in particular NNLO computations 

• Antenna subtraction, sector improved residue 
subtraction, nested soft–collinear subtraction, local 
analytic subtraction, ColourFull subtraction, 
projection to Born, …  

Still a very active area of research.
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NNLO slicing

Use transverse momentum qT  or event shape τN (N-jettiness) to separate 
out most singular region of NNLO computation 

• Factorization theorems to compute  in singular region 

• Existing NLO codes away from end-point for  
Used widely, especially for electroweak boson production processes (also 
at N3LO!) and for boson + jet processes. 

σ(x < δ)

σ(x > δ)

141

4

N jettiness slicing 

The idea is to use the event shape variable N-jettiness (Stewart, 
Tackmann, Waalewijn 09) to separate the phase space into two regions 
(Boughezal, Liu, Petreillo 15’, Gaunt, Stahlhofen, Tackmann Walsh 15) which 
separates the doubly-from singly unresolved regions. 


Small N-jettiness, use 
factorization theorem. 

Doubly unresolved Singly  unresolved
“Large” N-jettiness, is an NLO 
calculation. Can use existing 
tools, like MCFM 

4

N jettiness slicing 

The idea is to use the event shape variable N-jettiness (Stewart, 
Tackmann, Waalewijn 09) to separate the phase space into two regions 
(Boughezal, Liu, Petreillo 15’, Gaunt, Stahlhofen, Tackmann Walsh 15) which 
separates the doubly-from singly unresolved regions. 


Small N-jettiness, use 
factorization theorem. 

Doubly unresolved Singly  unresolved
“Large” N-jettiness, is an NLO 
calculation. Can use existing 
tools, like MCFM 

Two-loop graphs 
Soft and collinear 

emissions: factorization

NLO

x = qT or x = τN
Catani, Grazzini ’07, Boughezal, Liu, Petreillo 15, Gaunt, Stahlhofen, Tackmann Walsh 15

σ(x < δ) σ(x > δ)



Two loop amplitudes  
Big challenge at NNLO is the computation of two-loop 
integrals. Main strategy is 

• reduction of loop integrals for a given process to a 
small set of master integrals using IBP identities 

• analytic evaluation of the master integrals using 
differential equations, difference equations, Mellin–
Barnes representations, Method of Regions 
expansions, iterated integrals… 

• or numerical methods such as sector 
decomposition or auxiliary mass flow 

Many new developments. Current frontier is  with 
masses/off-shell legs, massless .

2 → 2
2 → 3
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NNLO results
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2→3

Agregar los de daniel y el mio full massive

"jj S. Badger et. al

2023
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WW Grazzini et al..
MCFM at NNLO  Boughezal et al..

pT_Z, Gehrmann-De Ridder, et al.
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ptw, Gehrmann et al. 
MATRIX at NNLO, Grazzini et al 

2010

2012

2014

2016

2018

2008
20062004

2002

1990

ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.

HH (VBF-diff) F. A. Dreyer et. al

!j-! Gehrmann et. al

2019

Nested SC Melnikov et. al

tt Catani  et. al

!!!, M. Czakon et. al

2020
2021

ttH Catani  et. al

bb Catani  et. al

!!j, Chawdhry,M. Czakon et. al

Single-t Campbell et. al 

W+c-jet, M. Czakon et. al

B-hadron ,M. Czakon et. al

~10 yrs

~10 yrs
2022

3j M. Czakon et. al

~3j Chen et. al

2023
jj!, Badger et. al

Standard Model and Higgs Theory                                               Daniel de Florian 11

The NNLO revolution standard

from L. Cieri

2 → 1 2 → 2

2 → 3

Wtt, Buonocore et. al

1 extra particle (/loop)
every 10 years

2022

2023

!! (massive), Bonciani, LC, et al

3j X. Chen et. alWithout any 
approximation 
in the two-loop 

part

10yrs per leg 
rule as in the 

NLO case!

Theoretical calculations - State of the art - The standard of precision at the LHC

2→3

from Leandro Cieri

10 years / additional leg. No full automation yet! 



144
L International Meeting on Fundamental Physics and XV CPAN days     Leandro Cieri
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

2016 2017 2018 2019 2020 2021

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

Higgs, B. Mistlberger

Higgs (Diff. qT-subt) L. C, X. Chen, T. Gehrmann, E. W. N. Glover and A. Huss

HH (VBF) F. A. Dreyer and A. Karlberg

Higgs (Diff  in TH app.) F. Dulat, B. Mistlberger and A. Pelloni

bb->H, Duhr, Dulat, Mistlberger

DY(off-shell photon) Duhr, Dulat, Mistlberger

HH (Diff. qT-subt) Chen,Tao Li,Shao, Wangd

DY(W) Duhr, Dulat, Mistlberger

Higgs (TH, app.) C. Anastasiou, C. Duhr, F. Dulat,  
F. Herzog and B. Mistlberger

Higgs (VBF) F. A. Dreyer and A. Karlberg

H->!! (diff) X. Chen, Gehrmann, E.W.N. Glover,  
A. Huss, B. Mistlberger, A. Pelloni

H->!! (diff) Billis, Dehnadi, Ebert,  
Michel,Tackmann

DY (diff) Camarda, L. C, Ferrera

N3LO QCD HADRON-COLLIDER CALCULATIONS VS. TIME NNLO hadron-collider calculations v. time
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explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

2022

VH (Incl) J. Baglio,  
 B. Mistlberger, C. Duhr,  

R. Szafron

W (diff) X. Chen, T. Gehrmann, 
N. Glover, A. Huss,  

T.-Z. Yang and H.X. Zhu

2023

Theoretical calculations - State of the art

Only 2→1 processes 

Status at N3LO
Drell-Yan like 2→1


(no color in final state) 

from Leandro Cieri



Parton shower MCs
A crucial tool that can 
produce realistic collider 
events. Two main elements 

• cascade of quark and 
gluon emissions down to 
low scale, approximate 
cross sections, based on 
collinear and soft 
factorization 

• hadronisation model at 
the low scale 

• + many additional 
ingredients. Hadron 
decays, MPI, QED, …
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PSR2024Silvia Ferrario Ravasio

Logarithmically-accurate Parton Showers

1 TeV

10 GeV

energy
scale

1 GeV

100 GeV

hadronisation

shower

hard process

parton

PanScales 
project

PanScales 
project[ ]

π Κ π ρ p . . . . . Κ π π Κ π π

timeZ'

=1 GeVΛ

10 GeV

100 GeV

=1 TeVQ

L = ln Q
Λ ≫ 1

PARTON SHOWERS = energy degradation via an iterated sequence of 
softer and softer emissions

simple algorithm to include the dominant radiative corrections at 
all orders for any observable! 

LL = leading logsΣ(O < e−L) = exp (−LgLL(β0αsL) + …)

24
from Silvia Ferrario Ravasio 



A.  branchings. Independent emissions from 
each leg 

based on collinear factorization. Use angular 
ordering Marchesini, Webber ’88  to get correct 
soft radiation pattern for simple observables. 

Implemented in Herwig parton shower.

1 → 2

Two basic types
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(repeat on each leg)

https://herwig.hepforge.org/


B. Dipole showers based on  branchings. 

LO soft emission is sum of dipoles!  

Dipoles/antennas capture both soft and collinear 
limit at LO and produce both types of enhancements: 
NLL accuracy is possible! 

Well suited for matching to fixed order. Basis of most 
modern showers.

2 → 3

Two basic types
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Recoil scheme
Soft and collinear factorization is based on expansions in these 
limits, e.g. 

 

Parton showers instead distribute recoil to have exact 
momentum conservation in each emission. 

Two classes of prescriptions 

• Local recoil: distribute recoil inside dipole. Modify 
 and  to ensure 

  

• Global recoil: absorb  into all partons, also those not 
involved in the splitting.

p1 + … + pn + ksoft ≈ p1 + … + pn

p̃i → pi p̃j → pj

p̃i + p̃j = pi + pj + k

kT
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Recoil and logarithmic accuracy
The recoil prescription can violate the scale separation 
underlying soft-collinear factorization.  

For this reason parton showers such as Pythia, 
Herwig and Sherpa do not achieve full NLL accuracy. 

A new generation of parton showers is currently being 
developed which correctly resum NLL logarithms 

• ALARIC, Deductor, PanScales, Herwig7, ...  

The PanScales collaboration has even presented 
results for some observables at NNLL accuracy.

149

Exciting and important new development!



NNLL results for  collisionse+e−

• Detailed numerical checks against “analytical’’ 
resummations to verify NNLL accuracy. 

• NNLL achieves marked improvement over NLL! 
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FIG. 2. Test of NNLL accuracy of the PanGlobal (PGsdf

�=0)
shower for the cumulative distribution of the Cambridge y23

resolution variable, compared to known results for Z !
qq̄ [52] (left) and H ! gg [77] (right). The curves show the
di↵erence relative to NNLL for various subsets of ingredients.
Starting from the red curve, DS additionally includes double
soft contributions and 2-jet NLO matching; 3` includes 3-loop
running of ↵s and the K

resum

2 term. B2 in the legend refers
only to its resummation part, Bint,NLO

2
. Including all e↵ects

(blue line) gives a result that is consistent with zero, i.e. in
agreement with NNLL.

just involve the Sudakov non-emission probability) to
the shower’s double-soft emissions, as anticipated below
Eq. (3). The connection with the ARES NNLL formal-
ism [51, 52, 58] is discussed in Ref. [72], § 4.

Besides the analytic proof, we also carry out a series
of numerical verifications of the NNLL accuracy of sev-
eral parton showers with the above elements, using a
leading-colour limit 2CF = CA = 3. These tests help
provide confidence both in the overall picture and in our
specific implementation for final-state showers. Fig. 2
shows a suitably normalised logarithm of the ratio of the
cumulative shower and resummed cross sections, for a
specific observable, the two-to-three jet resolution pa-
rameter, y23, for the Cambridge jet algorithm [73] in
Z ! qq̄ (left) and H ! gg (right) processes. Focusing
on the PGsdf

�ps=0
shower, the plots show results with vari-

ous subsets of ingredients. A zero result indicates NNLL
accuracy. Only with 2-jet NLO matching [74], double-
soft corrections [29], B2 [67, 68] terms, 3-loop running of
↵s [75, 76], K2 contributions [58, 66], and the drift cor-
rection of this Letter does one obtain agreement with the
known NNLL predictions [52, 77]. For this shower and
observable, the drift correction dominates.

Tests across a wider range of observables and shower
variants are shown in Fig. 3 for a fixed value of � =
↵s ln v = �0.4. With the drifts and all other contribu-
tions included, there is good agreement with the NNLL
predictions [45–52, 58, 61, 77].

Earlier work on NLL accuracy had found that the co-
e�cients of NLL violations in common showers tended
to be moderate for relatively inclusive observables like
event shapes [5]. In contrast, here we see that non-NNLL

FIG. 3. Summary of NNLL tests across observables and
shower variants. Results consistent with zero (shown in green)
are in agreement with NNLL. The observables correspond to
the event shapes used in Ref. [5] and they are grouped accord-
ing to the power (�obs) of their dependence on the emission
angle. All showers that include the corrections of this Letter
agree with NNLL.

FIG. 4. Results for the Thrust and Durham y23 [78] ob-
servables with the PanGlobal showers compared to ALEPH
data [79], using ↵s(MZ) = 0.118. The lower (middle) panel
shows the ratios of the NNLL (NLL) shower variants to data.

showers di↵er from NNLL accuracy with coe�cients of
order one. That suggests a potential non-negligible phe-
nomenological e↵ect.
Fig. 4 compares three PanGlobal showers with ALEPH

data [79] using Rivet v3 [80], illustrating the showers in
their NLL and NNLL variants, with ↵

ms
s (MZ) = 0.118 for

both. We use 2-jet NLO matching [74], and the NODS
colour scheme [6], which guarantees full-colour accuracy
in terms up to NLL for global event shapes. Our showers
are implemented in a pre-release of PanScales [81] v0.2.0,
interfaced to Pythia v8.311 [3] for hadronisation, with
non-perturbative parameters tuned to ALEPH [79, 82]
and L3 [83] data (starting from the Monash 13 tune [84],
cf. Ref. [72] § 5; the tune has only a modest impact on the

PanScales 
2406.02661

different recoil 
schemes



Large-Nc limit

Traditionally, parton showers work in the large-Nc limit 

• huge simplification of color structure, everything is 
described in terms of color dipoles 

• no interference, shower can be formulated on the level  
level of cross section
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Parton Showers in a nutshell

θ1

θ′2

θ2

θ3

E
z1E

z1z2E

z1z2z3E

θ1>θ2>θ3

θ1>θ′2

Angular-ordered shower (Herwig)

➤ Designed to achieve NLL for many observables  
                                 [Marchesini, Webber ’88]

≈ →

➤ Dipole showers are the more popular alternative to 
angular-ordered showers 
                                 [Gustafson, Pettersson ’88]

Dipole shower (Pythia, Sherpa, Herwig)

BUT
➤ Matching with fixed-order calculations beyond 

NLO is painful (and not available) 
➤ Non-global logarithms are not correctly 

described [Banfi, Corcella, Dagupta hep-ph/
0612282 ]

➤ Matching beyond NLO and multi-jet merging 
much simpler as hardest emissions come first 

➤ Azimuthal dependendece of soft emission 
necessary for non-global logs

Steady progresses in building (N)NLL

Nc Nc

Nc

Nc Nc



Amplitude-level evolution

Ongoing work on full color parton shower 

• Needs separate evolution for amplitude and its conjugate! 

• Must efficiently sample the huge color space of the partons! 

• Interference: no probabilistic event interpretation 

Approximate treatment in Deductor, full color sampling in CVolver
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Amplitude evolution

[Angeles, De Angelis, Forshaw, Plätzer, Seymour – ‘18]

[Forshaw, Holguin, Plätzer – ’19]

Γ1 Γ
†
0D1D2 D

†
2D

†
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2
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aa

2

1

b

Markovian algorithm at the amplitude level:

Iterate gluon exchanges and emission.

Different histories in amplitude and conjugate 

amplitude needed to include interference.

amplitude conjugate amplitude

An(q) =

∫ Q

q

dk

k
Pe−

∫
k
q

dk′

k′ Γ(k′)
Dn(k) An−1(k) D

†
n(k) Pe

−

∫
k
q

dk′

k′ Γ
†(k′)
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from Simon Plätzer 



CVolver results for  qq̄ → qq̄
• Cross section with central jet 

veto  

• Partonic result only, fixed 
kinematics 

• Plot compares full color (solid 
line) to strict large-Nc  (short 
dashed) and various other 
approximations 

• Black is full result, colors 
individual emissions (1 to 5) 

• Agreement with results of 
Hatta and Ueda using 
Langevin method

ρ = Eveto/Q
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New results from CVolver

Mqq̄→qq̄ =

(

Ms

2
−

Mt

2Nc

+At

)

|10〉+

(

Mt

2
−

Ms

2Nc

+As

)

|01〉.

Mqq̄→qq̄ = Ms

0̄

0

1

1̄

+Mt

+ As +At

Hadron collider processes — all QCD 2 to 2 considered, 

including all interferences through all levels of approximations.

No systematic statement which approximation is better or good.

2505.13183 



Matching to fixed order
• Shower generates emissions using approximate 

amplitudes (soft and collinear limits)  

• Important to combine shower and fixed-order 
computations, so that at least the first emissions are 
exact 

• Important to avoid double counting emissions! 

• Different schemes available 

• LO (+merging): CKKW, MLM, … 

• NLO: MC@NLO, POWHEG, … 

• NNLO: MiNNLOPS, UNNLOPS, Geneva, NNLOPS, 
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Different methods developed. NNLOPS with leading logarithmic 
accuracy in the shower well understood

Not yet clear how to preserve accuracy of 
more accurate showers in the matching  

Parton shower matching

37
from Giulia Zanderighi’s talk at Planck2025



The final frontier: hadronisation

156

from Pythia 8.3 manual 
MLHad 



SciPost Physics Submission

Figure 1: The cartoon depiction of a single fragmentation event, viewed in the center-of-
mass system of the initial string. The string connects the initial quark–anti-quark pair, qiq̄i,
each with energy E, moving back to back and carrying three-momenta ±~p, respectively. In
the hadronization event the string breaks and produces a hadron that is composed of valence
quarks qiq̄j , and has energy Eh and three momentum ~ph. Due to the flavor conservation
the new string has as the new endpoints the q̄iqj quark–anti-quark pair, and the kinematics
such that the energy and momentum are conserved.

(i.e., the energy of one of the endpoint quarks in the center-of-mass frame) as well as its flavor
composition, and gives the flavor and kinematics of the hadron after first emission, (Eh, ~ph).
Repeating the first emission generates the full hadronization chain. Since E2

h = ~p2h +m2
h,

where mh is the hadron mass, the kinematics of the emission are fully described by specifying
~ph and flavor of the created hadron h. We orient the coordinate system such that the z axis
is along the direction of the initial string, while the x and y coordinates are perpendicular to
it. The transverse components of the ~ph vector are given by

px = pT cos', py = pT sin', (1)

where pT ⌘

q
p2x + p2y and ' is the polar angle. The string breaking and hadron emission are

assumed to be axially symmetric in Pythia, i.e., independent of ', and thus the problem
of simulating the hadronization event reduces to a two variable problem of generating the pz
and pT distributions for the first emission.

A special feature of the hadronization event and the chosen kinematic variables is the
ability to render the pz kinematic distributions independent of the initial parton energy, E,
through a simple rescaling transformation

p0z ⌘ Eref
p

E
, (2)

where E is the energy of the quark in the center of mass for the initial string, and Eref is a
conveniently chosen reference energy that renders p0 dimensionful. In the rest of the paper
we set Eref = 50 GeV. The transformation of the pz distribution with respect to the initial
parton energy E can be seen in Fig. 2.

The fragmentation process implemented in Pythia is constructed in momentum space
as an iterative walk through production vertices. To do so a stochastic variable termed the
longitudinal momentum fraction z is defined, describing the fraction of longitudinal momen-
tum taken away by the emitted hadron.2 The probability distribution f(z) from which z

2
In Section 2.2, zi denote the latent-space variables. Despite similarity in notation there is no relation

between the two variables.

4

Hadronization models
A. Lund string model (Pythia) 

B. Cluster fragmentation (Herwig)
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Each dipole has a 
connecting string, hadrons 
through string breaking. 
O(20) model parameters

Idea: fragmentation involves partons which are nearby in phase 
space. 

• After shower stops, form color singlet clusters of particles 
(“pre-confinement”). [Gluons are split into quarks.] 

• Decay clusters into hadrons according to certain weights. 
O(10) model parameters 



Hadronisation: new developments
• HadML and MLHad: machine learning techniques to 

parameterize and learn hadronisation from data, estimate 
hadronization uncertainties 

• Consistency studies with NLL showers, varying shower 
cutoff scale; effect on top mass? Hoang, Jin, Plätzer, 
Samitz 

• New studies within Dokshitzer, Webber ’95 model of 
hadronisation. Dasgupta, Hounat ’24; Baf and Farren-
Colloty, Helliwell, Patel, Salam within PanScales  

• Effects of color on hadronisation, within the context of 
amplitude showers? Plätzer, Forshaw, … 

• Quantum information and hadronisation von Kuk, Lee, 
Michel, Sun ‘25
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Multi-parton interactions (MPI)

Showering and hadronizing the hard partons does not 
give a satisfactory description of hadron collider data. 

• Shower MCs model additional collisions induced 
from proton remnants: MPI. ``Underlying event” 

• Also include ``color reconnections’’ with partons 
from hard shower.
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Underlying event
In addition to the primary high-pT hard scattering several secondary interactions occur

Understood as interactions involving the other patrons in the proton

x1p1 x2p2

A model for the density profile of these partons is required
(generally assumed to be gluons because typically soft)

Independent colour structure of these interactions does not seem to work

Colour reconnection

 140

from Massimiliano Grazzini 



Conclusion
QCD is the essence of hadron collider physics! 

• Understanding of QCD effects is essential 
for LHC precision physics program… 

• … but also fascinating QFT! 

QCD recently celebrated its 50th anniversary 

• Mature and well developed… 

• … but also many new ideas, 
breakthroughs (and open problems)!


